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Seminar report

An Introduction to Abelian Varieties

Pierrick Dartois

Abstract: The goal of this seminar is to understand abelian varieties and to see some generalizations
of the results I have already studied on elliptic curves (regarding torsion subgroups and the Z-module
of homomorphisms Hom(A, B) in particular). The study of abelian varieties in plain generality requires
a significant amount of knowledge in algebraic geometry, a field I started to study with the lectures of
Florian Ivorra this year, during the course of this seminar. That is why a first chapter with geometric
prerequisites was necessary. Of course, all the results used here are not proved (it would require an entire
book), but we emphasized on some topics (invertible sheaves and divisors in particular). The emphasis
might have been influenced by the subjectivity of the author.

In chapter 2, we introduce abelian varieties (and group schemes). We prove some basic properties of
these objects (mainly that they are smooth and that their group structure is commutative) and present
some deep consequences of the theorem of the cube: the projectiveness of abelian varieties and the
structure their torsion subgroups. We mainly followed the lectures given by Milne [1] but unlike him, we
preferred a scheme theoretic approach like Mumford [2] and the Stack Project [3, chapter 39].

Our objective is reached in chapter 3 presenting Tate modules and constructing an embedding Z, ®z
Hom(A, B) — Homg, (T;(A),T;(B)). Then, we present further refinements and applications of this
result (without proof) in the case of finite fields, namely, the fact that this map becomes essentially an
isomorphism® and a characterization of isogenous abelian varieties. Those theorems are due to John
Tate [4] and presented in the conference proceeding of Waterhouse and Milne [5] initially set as a main

reference document for this seminar.

1This is not exactly true because we need to take into account a Galois invariance property.
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Chapter 1

Geometric preliminaries

Throughout the document, k is a field and k is an algebraic closure of k.

1.1 Preliminaries of general scheme theory

1.1.1 Separatedness, finiteness, varieties

Definition 1.1. Let X be a k-scheme. One says that X is separated if the structural morphism = :
X — Spec(k) is separated, i.e. if the diagonal morphism Ax/, : X — X x; X induced by the

universal property of the fiber product as follows:

is a closed immersion.

Lemma 1.2. Let ¢,¢ : X — Y two morphisms of k-schemes. Suppose that Y is separated. Then the

set:

{z € X |p(z)=9¢(z)}
1s closed in X.

Ax/k
Proof. Consider the morphism 6 : X —4 X x; X Py XY, x— (p(x),¢¥(x)). Then, we have:

{z € X |p()=v@)}=0"(Ayu(Y x1 Y))
And Y is separated so Ay, is closed, which completes the proof. O
Definition 1.3. One says that a morphism f : X — Y is of finitr type if it is:

(i) Locally of finite type: for all open affines U C X and V C Y such that f(U) C V, the morphism
I'(V,0y) — T'(U,Ox) is of finite type.

(ii) Quasi compact: for all quasi compact open subset V C Y, f~1(V) is quasi-compact.

Definition 1.4. One says that a k-scheme X is of finite type when the structural morphism 7 : X —
Spec(k) is. Equivalently, X is of finite type when it is:



(i) Locally of finite type, i.e. I'(U, Ox) is a finite-type k-algebra for all open subset U C X.
(ii) Quasi compact (as a topological space).

Definition 1.5. A k-variety is a separated k-scheme of finite type.

1.1.2 Geometric properties and extension of scalars

Definition 1.6. One says that a k-scheme X is geometrically reduced, irreducible or integral (i.e. both)

if Xp =X XSpec(k) Spec(k) is respectively reduced, irreducible or integral.

Proposition 1.7. A k-scheme X is geometrically reduced, irreducible or integral if and only if X§ is

respectively reduced, irreducible or integral for every field extension K/k. In that case, X is integral.

Proof. See [6, propositions 5.49, 5.51 and corollary 5.54]. O

1.1.3 Completeness and properness

Definition 1.8. A morphism of schemes f : X — Y is said to be universally closed if for every
morphism of schemes g : Z — Y, the base change of f, f' : X Xy Z — Z provided by the definition
of the fiber product is closed:

Xxy Z—1 sz
L)
f

Such a morphism is proper if it is separated, of finite type and universally closed.

Definition 1.9. A k-scheme X is complete if the structural morphism 7 : X — Spec(k) is universally
closed, or equivalently, if the right projection map ¢ : X xx Y — Y is closed for every k-scheme Y.

A k-scheme X is said to be proper if it is complete and a k-variety (i.e. separated and of finite type),
or equivalently, if the structural morphism 7 : X — Spec(k) is proper.

Lemma 1.10. (i) Let f: X — Y and g: Y — Z be morphisms of schemes. If g o f is proper and g

is separated, then f is proper.
(ii) Proper morphisms are stable under base change.
Proof. See [7, corollary I1.4.8, points ¢ and e]. O

Lemma 1.11. Let f : X — Y be a morphism of k-schemes. Assume that X is proper and Y is
separated. Then f is proper.

Proof. Since 7y i, 0 f = x4, it is an immediate consequence of the point (i) of the preceding lemma. [

Lemma 1.12. Let X be a proper and geometrically integral k-scheme. Then, every morphism from X

to an affine k-variety is constant.
Proof. See [6, corollary 12.67]. O

Theorem 1.13 (rigidity lemma). Let ¢ : X X Y — Z be a morphism of k-schemes. Assume that X is
proper and geometrically integral, that X Xy Y is geometrically irreducible, that Z is separated and that
there exist k-valued points xg € X (k), yo € Y (k) and zo € Z(k) such that:

o(X x{yo}) = {20} = p({zo} x Y)

Then, p(X xY) ={z0}.



Proof. One can easily see that the properties of the theorem are invariant under base change, so we can
assume that k is algebraically closed. Let Uy be an open affine neighborhood of zg, ¢ : X XY — Y the
right projection map and F := q(p~1(Z \ Up)). Note that F is closed in Y because ¢ is closed (since X

is complete), so U :=Y \ F is open in Y. Moreover, we have:

U={yeY|pX x{y}) CUs}

so in particular, yg € U and U # (). Since Uy is affine and that X is proper and geometrically integral,
for all y € U, ¢xx{yy : X x {y} ~ X — Up is constant by lemma 1.12. Then, for all y € U,
(X x {y}) = {¢(z0,y)} = {20} Then, ¢ is constant on X x U.

Since X xY is irreducible and X x U is a non-empty open subset, X x U is dense. Since Z is separated,
the set on which ¢ agrees with the constant map is closed (by lemma 1.2), so it contains X x U = X x Y,

which completes the proof. O

1.1.4 Smooth, regular and normal schemes
Definition 1.14. Let f : X — Y be a morphism of schemes.

(i) One says that f is smooth (of relative dimension d) at z € X, if there exist affine open neighborhoods
U of x and V = Spec(R) of f(x) such that f(U) C V , and an open immersion

]U(_> SpeC(R[Tla"' aTn]/(fh af’ﬂ*d))

of R-schemes where n > d and f1, -+, fn—a € R[T1,--- ,Ty], such that the Jacobian matrix

Tac(fi s fuma)e) = (G7)) € Mucanls(o)

has rank n — d (z being seen as a x(x)-valued point).

(ii) One says that f: X — Y is smooth (of relative dimension d), if it is smooth (of relative dimension
d) at all points z € X.

(iii) A k-variety X is smooth (respectively x € X is smooth) if its structural morphism 7y : X —

Spec(k) is smooth (respectively smooth at z).

Lemma 1.15. Let X be a geometrically reduced k-scheme. Then, the smooth locus (i.e. the set of smooth

points of X ) is open and dense in X.
Proof. See [6, proposition 6.19 and remark 6.20]. O

Definition 1.16. A Noetherian local ring R is regular if its maximal ideal can be generated by dim(R)
elements.

A scheme X is regular if for all x € X, Ox , is regular.
Theorem 1.17 (Auslander and Buchsbaum). A regular local ring is a unique factorization domain.
Proof. See [8, theorem 20.3]. O

Definition 1.18. A ring R is normal if the localization R, is an integrally closed domain for every prime
ideal p of R.

A scheme X is normal if for all x € X, Ox , is normal.
Lemma 1.19. Let X be a k-variety.

(1) If X is smooth, then X is regular.



(ii) If X is regular, then X is normal.
Proof. See [6, Lemma 6.26] for (7) and [6, Lemma 6.39] for (ii). O

1.2 More results on morphisms of schemes

1.2.1 Finite locally free morphisms

Definition 1.20. (i) A morphism of schemes is affine when the preimage of every open affine is affine.

(ii) A morphism of schemes f : X — Y is finite if it is affine and for every open affine V' C Y, the
induced morphism f; : T'(V, Oy) — T(f~1(V), Ox) is of finite type (meaning that I'(f~*(V), Ox)
is a finite type T'(V, Oy )-module).

Let f: X — Y be a morphism of schemes. In general, the topological fibers of f do not have a
structure of scheme. That is why we consider the scheme theoretic fibers of f defined as follows. Let
y € Y. Then, we have a morphism 3 : Spec(k(y)) — Y mapping the point to y. The scheme theoretic
fiber of f at y is the fiber product:

Xy =X Xy Spec(k(y))
induced by f: X — Y and ¢ : Spec(k(y)) — Y.
Lemma 1.21. Let f : X — Y. Assume that Y is locally Noetherian. Then f is finite if and only if it
is proper with finite (scheme theoretic) fibers.

Proof. See [3, lemma 30.21.1]. O

Definition 1.22. (i) Let R be a ring and M be a R-module. One says that M is flat if the functor
M ® 4 _ is exact.

(i) Let (X,Ox) be aringed space. An Ox-module M is flat if for all z € X, M, is a flat Ox ,-module.

(iii) A morphism of schemes f : X — Y is flat (respectively coherent) when f,Ox is a flat (respectively

coherent) Oy-module.

Definition 1.23. (i) Let (X,Ox) be a ringed space. Let M be an Ox-module. One says that M is

locally free if for all x € X, there exists an open neighborhood U of = such that M,y ~ Og’”)w for

a given set I.

(ii) One says that M is locally free of finite type if I, is additionally finite for all z € X.

(iii) One says that M is locally free of rank n if |I,| = n for all z € X.

Proposition 1.24. Let f: X — Y be a morphism of locally Noetherian schemes. Then, the following

conditions are equivalent:

(1) f is affine and f.Ox is a locally free of finite type Oy -module.

(ii) f is finite, flat and coherent.
Proof. See [6, proposition 12.19] and [6, proposition 7.45], the latter ensuring that coherent modules and

modules of finite presentation’ are the same on locally Noetherian schemes. O

Definition 1.25. A morphism of locally Noetherian schemes is said to be finite locally free when it

satisfies the equivalent conditions above.

Lemma 1.26. Let f : X — Y be an affine morphism of schemes over a base scheme S. Let M be a
quasi-coherent Ox -module. Then M is flat over S if and only if f. M is flat over S.

Proof. See [3, lemma 29.25.4]. O

IThis notion is useless here, so we do not introduce it and we prefer the notion of coherence. There are already too
many definitions in this document.




1.2.2 Degree of finite morphisms
Definition 1.27. A morphism of schemes f : X — Y is dominant when f(X) is dense in Y.

Lemma 1.28. Let f : X — Y be a dominant morphism of irreducible schemes, then f sends the generic

point of f to the generic point of Y.

Proof. Let n be the generic point of X. Then, {n} = X, so {f(n)} = f({n}) = f(X) =Y and f() is the
generic point of Y. O

Let f: X — Y be a dominant morphism of integral schemes. Then f maps the generic point n of
X to the generic point £ of Y, so it yields a field homomorphism k(X) = Ox , — k(Y) = Oy¢. Then,
E(Y)/k(X) is a field extension. When f is finite, f,Ox is a finite type Oy module so this field extension

is finite.

Definition 1.29. When f is finite the degree of f is:
deg(f) := [k(Y) : k(X)]
Finite morphisms have finite (scheme theoretic) fibers. Actually, there is a formula relating deg(f) to
is fibers when f is finite locally free. First, we need to study how the finite fibers look like.

Lemma 1.30. Let X be a finite k-scheme of finite-type. Then:

(i) All points of X are closed (hence X is discrete and zero dimensional).
(ii) X is affine.
(1)) T(X,0x) = [[oex Ox,a-

(iv) T(X,Ox) is a finite dimensional k-vector space and:

dimiT'(X, 0x) = > eafo

zeX

where for all x € X :
er = ex(X) = oy ., (Ox) and  fo = fo(X) = [r(2) : K]

are respectively ramification index and the inertia index of X at z.

Proof. Let U be the set of non-closed points of X. Then, X \ U is a finite union of closed sets so it is
closed and U is open. But closed points are (very) dense in X by [6, proposition 3.35] so U is either
empty or contains a closed point which is a contradiction. We conclude that all points of X are closed.
Then, every irreducible subset of X is a singleton and therefore dim(X) = 0. Every singleton {z} C X is
a finite intersection of open subsets {x} = (,cx\ (23 X \ {y} so {z} is open and X is discrete. Hence (7).

Open affines form a basis of the topology of X so for all z € X, {x} = Spec(R,,) for a certain k-algebra
of finite type R,. Obviously, R, = {:grgUF(U, Ox) = Ox,, for all x € X. We conclude that:

X = |_| Spec(Ox ) = Spec (H OX,ac)

zeX reX

Hence (i) and (#41).
Since dim(X) = 0, I'(X, Ox) is a k-algebra of finite type and Krull dimension zero so the Noether’s

normalization theorem ensures that I'(X, Ox) is finite dimensional over k. By (iii), we have:

dimT(X, Ox) = Y _ dimy(Ox )

zeX



Let © € X. Consider the chain of ideals --- Cmt! Cmt C ... Cm C Ox 5, where m :=my ;. Ox  is
finite dimensional so it is a Noetherian and Artin local ring and there exists n € IN* such that m* = {0}

for all i > n (by [9, proposition 8.6]) and the chain is finite. Considering the exact sequence:
{0} — m™! — m! — m’/mT — {0}
we get that dimy(m’) = dimy,(m*™") +dim(m’/m"*!) and lgp_(m') =lgo,  (m'Fh) +1gp  (m'/m*t1),
so that :
dimy (Ox z) = §:®m m'/m*) and lgo,  (Ox.) = EJ%X m’/m*1)
i=0

But for all i € N, m’/m"*! is a x(z) := Ox ,/m-vector space and lgp (m*/m**1) = dim,(,) (m’/m**t),
so that dimg(m’/m*!) = [k(z) : kllgo,  (m'/m"™!) = filgo,  (m'/m"*1) and dimg(Ox.) = freq
Hence (iv). O

Lemma 1.31. Let f: X — Y be a finite locally free morphism of integral schemes. Then:
(1) f is dominant (so deg(f) is well defined).

(ii) For ally € Y, we have:

deg(f) - dlmn(y)r XyaoX Z 6axc/yfac/y
r€EXy

where e, and f,/, are respectively the ramification and inertia indices of X, at x for all v € X,,.

Proof. Since f is affine we may assume that X and Y are affine, write X := Spec(R) and Y := Spec(5).
Let 6 : S — R be the ring homomorphism induced by f. Then, we have (by usual properties of the
Zariski topology):

fX=v{ Na]=v|{ [ ¢'®»|=Vv] 6" N »

qef(X) peSpec(Rr) peSpec(Rr)

L0D) = V(Vier(0)) = Vker())

But f is locally free so 6 induces a structure of free S-module over R and ker(f) = {0} and f(X) is dense
in Y. Hence (7).

(#4) The second equality was already proved in 1.30.(iv) (it makes sense because X, is finite since f
is finite), so we prove the first. R is a free S-module and by localizing at the generic point, we see that

it is of rank r := deg(f). Let y € Y. Then y corresponds to a prime ideal p C S and we have:
Xy = X xy Spec(r(y)) = Spec(R ®s Sy /pSy) = Spec((R ®s S/p),) = Spec((R/p)p) = Spec(Rp/pR,y)

Since R is a free S-module of rank r = deg(f), we get that R,/pR, is a k(y) = S,/pSp-vector space of
dimension r, so that deg(f) = dim,, I'(X,,Ox,) and the proof is complete. O

1.2.3 Unramified and étale morphisms

Definition 1.32. Let R and S be Noetherian local rings. A local homomorphism R — S is said to be

unramified if:
(i) mpS = mg.

(ii) x(mg) (residue field of S) is a finite separable extension of k(mp) (residue field of R).



(iii) S is essentially of finite type over R (this means that S is the localization of a finite type R-algebra

at a prime ideal).

Definition 1.33. Let Y be a locally Noetherian scheme and f : X — Y be a morphism locally of finite
type.

(i) One says that f is unramified at © € X if f# : Oy () — Ox » is unramified.
(ii) On says that f is unramified if it is unramified at every point = € X.

Remark 1.34. Actually, [3, definition 29.35.1] provides a more general equivalent definition of this notion

involving differential modules but we will not use it. We follow [3, definition 41.3.5] here.

Lemma 1.35. Let f: X — Y be a morphism of k-schemes locally of finite type. Let x € X be a point.
Set y = f(z) and assume that k(y) = k(x). Then the following are equivalent:

(i) The differential map dfy : Tp(X) — Ty, (Y) is injective.
(ii) f is unramified at x.
Proof. See [3, lemma 33.16.8]. O

Definition 1.36. Let Y be a locally Noetherian scheme and f : X — Y be a morphism locally of finite
type. One says that f is étale if it is flat and unramified.

Proposition 1.37. Assume k algebraically closed and let f : X — Y be a finite locally free and
unramified (i.e. étale) morphism of integral schemes. Then, for all k-valued point y € Y (k), we have

deg(f) = | X,|.

Proof. Let y € Y (k). By lemma 1.31, we only have to prove that ramification and inertia indices are
trivial e/, = fz/y = 1 for all x € X,,. For all z € X, x(z)/k(y) = k is finite because f is unramified so
that x(x) = k because k is algebraically closed and f,,, = [r(x) : k] = 1.

As we saw in the proof of lemma 1.31, we may assume that X = Spec(R), Y = Spec(S) and that f
is given by a ring homomorphism 6 : S — R which is free and of finite type. z € X, and y correspond
to prime ideals p € R and q C S respectively and we have seen that X, = Spec(R,/qRy). Then,
Ox,« = (Rq/qRq)p = (Rq)p/d(Rq)p = Rp/qRy, but Sq — R, is unramified so qR, = pR, and finally
Ox,.« = Ry/pRp = k() is a field so it is of length 1 and we have e, /s, = 1. This completes the proof. [

1.3 Invertible sheaves and divisors

1.3.1 Invertible sheaves
Throughout this paragraph, (X, Ox) will be a ringed space.

Definition 1.38. An invertible O x-module also called invertible sheaf on X is a locally free O x-module
of rank 1.

Example 1.39. Let R be a graded ring. Take X := Proj(R), and for n € IN, R(n) := @ >,, Ra the ideal
of R formed of elements of degree > n and Ox(n) := R(n), the sheaf associated to the R-module R(n)
as defined in [7, p. 116]. Then, Ox(n) is an invertible sheaf on X. Ox(1) is called the twisted sheaf of

Serre on X.

Let M and N be Ox-modules. We define Home, (M, N) as the presheaf on X whose sections on a
given open subset U C X are morphisms of Ox y-modules f: M|y — MU i.e. morphisms of sheaves
such that the induced morphisms fy : M(V) — N(V) are Ox(V)-linear for all open subset V C U.
Actually, Homo, (M, N) is a sheaf.

The sheaf Home, (M, Ox) is called the dual of M and denoted by M.



Lemma 1.40. (i) For all invertible Ox-modules L, L', L @o, L' is an invertible O x -module.
(i) For all invertible Ox-module L, LY is an invertible Ox -module.
(iii) For all invertible Ox-module L, LY ®@p, L ~ Ox.

Proof. (i) For x € X, there exist open neighborhoods U,V C X of x such that £y ~ Oxy and
Eiv ~ Ox|y. Then, W = U NV is an open neighborhood of z such that:

(,C Rox ‘C/)\W = ,C,lW ®OX\W EiW o~ OX\W ®OX\W OX\W ~ OXlW

by functoriality of the tensor product.
(i) For € X, there exists an open neighborhood U C X of z such that £;y ~ Ox|y. Then:

,C‘U = Homox (L’OX)W = HomOX\U(LW’ OX|U) >~ HOIHOX‘U(O)QU,OX‘U)

Then, we may assume that X = U and we only have to prove that Home, (Ox,0x) ~ Ox. The
morphism Home, (Ox,Ox) — Ox given by:

fe Homox (Ox, Ox)(U) — f(l) S Ox(U)
for all open subset U C X is an isomorphism whose inverse is given by:
a€O0x(U)— (A— aX) € Homp, (Ox,O0x)(U)

for all open subset U C X. This completes the proof of (i3).
(4ii) We define an isomorphism on the presheaf U +— LY (U) @0 () L(U) to Ox by the formula:

fozel!(U)®oyw) LU) — f(z) € Ox(U)

for all open subset U C X. This morphism induces a morphism £V ®o, £ — Ox by the universal
property of the associated sheaf [6, proposition 2.24]. It suffices to prove that this morphism is isomorphic
on the stalks (by [7, Proposition I1.1.1]), but the induced morphism of the stalk at x € X is:

f:c ® )\w S AC;/,/ ®0X,I Ez — fz()‘:c) € OX@

which is an isomorphism because £, ~ LY ~ Ox ;. O]

This lemma ensures that the tensor product defines a group law on the isomorphism classes of invertible
sheaves on X and that the inverse of [£] is [£V] for all invertible sheaf £. That is why £¥ will often be
denoted by £71 or L%, In the same spirit, we will denote £L®" the n-th exponentiation of £ (given
n € Z). The group of these isomorphism classes is called the Picard group of X and denoted by Pic(X).
On says that an invertible sheaf £ is t¢rivial if it corresponds to the neutral element of Pic(X) i.e. if
L~0Ox.

Lemma 1.41. Let X,Y be two locally ringed spaces, L be an invertible sheaf on' Y and f : X — Y a

morphism of locally ringed spaces. Then:

(i) f*L=0x ®s-10, [T L is an invertible sheaf on X.

(ii) If f is constant, then f*L is trivial.

Proof. (i) Let x € X. Then, there exists an open neighborhood V' C Y of f(x) such that Ly, ~ Oy y.

Let U := f~Y(V). Then, the restriction to U of the presheaves fTL : W lim L£(T) and
FW)CTCY

10



ffOy - Wi— f(Wl)iénT CYOY (T') are isomorphic. It is the same for their associated sheaves fflﬁ‘U and

f *IOY‘U (by [6, proI)osition 2,24]) and we conclude immediately that:
f*£|U = OX|U ®f*10yw f71£|U ~ OX|U ®f—1OYlU fﬁlole ~ OXlU

Which completes the proof.

(i) If f is constant equal to y € Y, we may choose an open neighborhood V' C Y of y on which £ is
trivial. Then, f~1(V) = X and as we have seen in the proof of (i), f71£ ~ f~1Oy on the whole of X
and f*L ~ Ox ®s-10, [0y ~ Ox. O

Now, we state a theorem on invertible sheaves with deep consequences for the theory of abelian

varieties. As its proof is long and not at the center of this seminar, we will not prove it here.

Theorem 1.42 (theorem of the cube). Let X,Y,Z be three geometrically irreducible k-varieties. We
assume that X and Y are complete. Let L be an invertible sheaf on X xY x Z, xg € X(k), yo € Y (k)
and zg € Z(k) such that L is trivial on X xY x {20}, X x{yo} x Z and {xo} XY x Z. Then, L is trivial
on X XY x Z.

Proof. See [2, p.55 or p.91]. O

1.3.2 Divisors on a normal variety

Throughout this paragraph, X is a fixed normal k-variety. The group of divisors on X, denoted by
Div(X) is the free abelian group generated by irreducible closed subvarieties of codimension 1 in X. A
prime divisor is a closed subvariety of codimension 1 in X. A divisor on X is an element D € Div(X).

It can be written as a finite sum of prime divisors:

D= > ngzZ

ZeP(X)

where P(X) is the set of prime divisors of X and (nz)zer (x) € 7" (X)) is a family of integers with

finitely many nonzero elements. The support of D denoted by Supp(D) is the reunion:

Supp(D) := U Z
ZeP(X)
nz#0
D is said positive and we denote D > 0 when ny > 0 for all Z € P(X). There is a (partial) order relation
< on Div(X) induced by comparison of the coefficients: if D and D’ are divisors on X, then D < D’ if
and only if the difference D’ — D is positive.

X being normal, it is integral, so it is irreducible. Then, we can consider the function field k(X). We
will now explain how to associate divisors to rational functions of k(X). As a complex analysis analogue,
irreducible closed subvarieties of codimension 1 will play the roles of zeros or poles and the coefficients
will correspond the orders of these zeros and poles.

Then, for all Z € P(X), we need to define a discrete valuation ordz : k(X) — Z U {oo}. Let us fix
Z € P(X) and 7 the generic point of Z. Let U be an open affine U = Spec(R) of X intersecting Z, then
n € U. ZNU is a maximal proper and closed subset of U and m = ZNU so n corresponds to a minimal
nonzero prime ideal of R, so Ox , = R,, is a normal ring of dimension 1, so [9, proposition 9.2] ensures
that is a discrete valuation ring. This defines the valuation ordz we sought, which does not depend on
the choice of U. If D := 3", p(x)nz[Z] € Div(X), we will sometimes denote ordz(D) := nz by abuse

of notations.
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For all f € k(X)*, we associate a divisor to f as follows:

div(f) = 3 ods(f)(Z)

ZeP(X)
It is well defined according to the following lemma.
Lemma 1.43. For f € k(X)*, ordz(f) # 0 for finitely many prime divisors Z € P(X).

Proof. X is a k-variety so it is quasi-compact, so it can be covered by finitely many open subsets, so we
can suppose X affine X = Spec(R). Then, f € Frac(R) and we can write f = £ with g,h € R\ {0}, so
that for all prime divisor Z, ordz(f) = ordz(g) —ordz(h) and we can therefore assume that f € R\ {0}.

For any prime divisor Z, ordz(f) # 0 if and only if f is in the maximal ideal nR,, of the local ring
Ox,, = Ry, where 7 is the generic point of Z. Then:

ordz(f) 0= fen<=neV(f) <= Z={n} CV(f)

Since f € R\ {0} and R is an integral domain, V(f) is either empty (when f is invertible) or of
codimension 1 so every prime divisor Z C V(f) is an irreducible component of V(f). But there are
finitely many because R is Noetherian (as a finite-type k-algebra), so X = Spec(R) is a Noetherian
topological space and V(f) as well (since it is closed). O

A divisor of the form div(f) for f € k(X)* is called principal. Principal divisors form a subgroup of
Div(X) denoted by Princ(X). When X is smooth, will see later that the quotient Div(X)/Princ(X) is
isomorphic to the Picard group of X. We say that two divisors D and D’ are linearly equivalent and
denote D ~ D’ when their difference D — D’ is principal.

If U is an open subset of X, then for every prime divisor Z € P(X) intersecting U (UNZ # 0), UNZ
is of codimension 1 in U so UN Z € P(U). Therefore, if D =3 7. p(x)nz[Z] is a divisor on X, we can

define the restriction of D to U as follows:

We say that D is locally principal if every point z € X admits an open neighborhood U C X such that
Dyy is principal. If f € k(X)* is such that D)y = div(f), f is called a local equation of D on U.

Proposition 1.44. If X is regular, then every divisor on X is locally principal. It is in particular true

when X is smooth.

Proof. By linearity, we only have to prove this for principal divisors on X. Let Z be a principal divisor
and r € X. If v ¢ Z, then U = X \ Z is an open neighborhood of = and [Z];; = 0 = div(1), so we can
assume that x € Z.

Let U = Spec(R) be an open affine neighborhood of z. Then, Z N U is a maximal proper irreducible
closed subset of U, so there exists a minimal nonzero prime ideal g of R such that ZNU =V (q). Let p
be the prime ideal corresponding to z. Then, p € V(q) (because z € Z) i.e. q C p so qR, is a minimal
nonzero prime ideal of the local ring Ry, = Ox ;.

By hypothesis, Ry is regular so it is a unique factorization domain by theorem 1.17. Since q # 0, there
exists a € qR, \ {0}. We can decompose it in irreducible factors and we get that one of these factors  is
in qR4 (as it is a prime ideal). Since mR, is prime and nonzero, we must have qR, = 7R, (by minimality
of qR,). m remains irreducible and a generator of ¢ when we multiply it by an element of R\ p, so we
can assume m € IR. Hence, TR =7mR, NR=qR, N R = q.

Since q is the generic point of Z and 7 is a generator of q (and therefore, a uniformizer in Ry = Ox q),

we must have ordz(m) = 1. If Z’ is another prime divisor of X intersecting U, then we may write
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Z'NU = V(r) where v is a prime ideal of height 1 of R. If ordz/(7w) > 0, then 7 € v so g = 74 C v and
q = v since ht(q) = ht(r) = 1 and finally Z’ = Z. Then, div(7) = [Z N U] = [Z]|y, which completes the
proof. O

1.3.3 Correspondence between divisors and invertible sheaves

Let X be an integral smooth k-variety. Let D be a divisor on X. We define the vector space associated

to D as follows:
L(D) :={f € k(X)" [ div(f) + D = 0} U {0}

Generalizing this definition, we can furthermore associate to D a sheaf £(D) defined on X. For all open
subset U C X:
LU, L(D)) = {f € K(X)" [ div(f)jy + Dy = 0} U{0}

If V C U is an open subset, then we have the trivial inclusion I'(V, £(D)) C T'(U, L(D)), so we have
natural restriction maps and we have built a presheaf structure for £(D) (for now, in the category of
k-vector spaces). Actually, £(D) is a sheaf. Furthermore, if f € T'(U, £L(D)), multiplying f by an element
of T'(U,Ox) only increases ordz(f) for every prime divisor Z of U, so I'(U, £L(D)) is stable by scalar
multiplication by elements of T'(U, Ox). As a consequence, L(D) is an Ox-module.

Lemma 1.45. £(D) is an invertible sheaf on X.

Proof. Let x € X. Since X is smooth, by proposition 1.44, there exists an open neighborhood U of x

and a local equation g € k(X)* for D on U: Dy = div(g). Then, for all open subset V' C U:
L(V,L(D)) ={f € k(X)" | div(fg);y = 0} U{0}

and we have an injective homomorphism:

pv : feT(V,L(D)) — fg € k(X)

To conclude, we just have to prove that im(py) C I'(V, Ox), because it will ensure that the above map
is an isomorphism I'(V, £(D)) ~ T'(V,Ox) and L(D)y ~ Ox v, as desired.

For f € k(X)*, it suffices to prove that f € I'(V,Ox) whenever div(f);,y > 0. Let f be such a
function. We only have to show that V' is covered by open subsets U; such that fjy, € I'(U;, Ox). Let
y € V. Then, there exists an open affine neighborhood W C V of y. y corresponds to a prime ideal p of
R :=T(W,Ox). If p = {0}, then y is the generic point of X (an W) which intersects every open subset
of X, so we can assume p # {0}. In that case, there exists a minimal nonzero prime ideal q C p, so that
Z = V(q) is a prime divisor of W and we have ordz(f) > 0 so f € R4 so we can write f := ¢ witha € R
and b € R\ q, so that f € R[1/b] = '(D(b),Ox). But b ¢ q C p so y = p € D(b). This completes the
proof. O

Remark 1.46. With the ideas of the preceding proof, we obtain that £(D) is trivial when D is principal.

Actually, the converse is true. More precisely, we will construct a group isomorphism between the
quotient Div(X)/Princ(X) and Pic(X).

Lemma 1.47. For D,D’ € Div(X), L(D) ® L(D") ~ L(D + D").

Proof. For every open subset U C X, we have a I'(U, Ox)-bilinear map:
(f.9) €eT(U,L(D)) x T(U, L(D")) — fg € T(U,L(D + D))

which factors into ¢y : T'(U, £(D)) @ I'(U, L(D')) — T'(U,L(D + D')). This defines a morphism of
Ox-modules ¢ : L(D) ® L(D') — L(D + D’).
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If U is small enough, then there exist local equations h, ' € k(X)* on U for D and D": D)y = div(h)y

and Dj; = div(h');y. Then, for all k € T(U, L(D + D')) \ {0}, we have:

so kh' € I'(U, L(D)) and div(1/h)jy + Dj; = div(1/h" - 1) = div(1) = 0 so 1/h" € I'(U,L(D")) and we
have oy (kh' ® 1/h') = k. Whence, @y is surjective.

Moreover, as we saw in the proof of the lemma 1.45, I'(U, L(D)), I'(U, L(D")) and T'(U, L(D + D")) are
['(U, Ox)-modules of rank 1, so T'(U, L(D))T(U, L(D')) ~ T'(U, Ox) as modules. It follows that ker(pr)
is of rank 0. Since I'(U, Ox) is integral, it is torsion free so ker(¢y) = {0} and ¢y is an isomorphism.
Since D and D’ are locally principal, those open subsets U’s cover X and we conclude that ¢ is an

isomorphism. O

By the preceding lemma, we have a group homomorphism Div(X) — Pic(X) sending D to [L(D)].
Actually, it induces a homomorphism Div(X)/Princ(X) — Pic(X).

Proposition 1.48. The preceding homorphism Div(X)/Princ(X) — Pic(X) is an isomorphism.

Proof. Injectivity: Let D € Div(X) such that £(D) is trivial and ¢ : Ox — L£(D) an isomorphism of
sheaves. Let g := ¢x(1). Then, g € L(D) so div(g) + D > 0. Moreover, if U C X is an open subset on
which D is principal, we write Dy = div(f)|y, so that 1/f € I'(U, L(D)) because div(1/f)y + D)y = 0.
Since @y is surjective, there exists h € I'(U, Ox) such that 1/f = ¢y (h) = hey (1) = hgjy. We conclude
that:

=Dy = div(1l/f)y = div(h)jy + div(g)jy = div(g)|v

where we used the fact that div(h)y is positive because h € T'(U, Ox ). Then, D)y + div(g)jy < 0 and
the open subsets U on which D is principal cover X (by proposition 1.44), so D + div(g) < 0. Hence,
D + div(g) = 0 and D is principal.

Surjectivity: Let £ be an invertible sheaf on X and I be the constant sheaf on X given by I'(U, K) :=
k(X) for every nonempty open subset U C X. Let n be the generic point of X (it does exist because
X is irreducible). Then, we have a natural morphism £ — K sending a section s € L(U) (for a given
non-empty open subset U C X) to the germ s, € £, ~ Ox, = k(X) = K(U).

This map is injective. Indeed, let s € £(U) such that s, = 0. Then, we can cover U with a family
of open affines (U;);es such that £y, ~ Ox |y, for all i € I. Let i € I and A; := I'(U;, Ox). Since X is
integral, A; is an integral domain, we have n € U; = Spec(A4;) and 7 corresponds to the zero prime ideal,
so that sy, is zero in Ox , = Frac(4;) so sy, = 0. Since the U; cover U, we have s = 0.

Then, we have an embedding £ — K and we can suppose that £ is a subsheaf of K. But X is covered
by open subsets (V;)ier such that Ly, =~ Ox)y, for all i € I. Let i € I and ¢; : Ox}y, — Ly, be
an isomorphism and let g; := ¢;v;,(1). Then, L(V;) = ¢I'(V;,0x), ¢g; € K(V;) = k(X) and g; # 0.
Furthermore, for all4,j € I, L(V;NV;) = ¢, T (V;NV;,0x) = g;T (VNV}, Ox). It follows that g; = u; jg;
for a certain u; ; € I'(V; NV}, Ox)* and that ordznav,nv; (g:) = ordznv;nv, (g;) for every prime divisor Z
of X, so there exists a divisor D € Div(X) such that D)y, := div(g;)y, for all i € I. We conclude that
L= L(D). O

1.3.4 Projective embeddings

Definition 1.49. Let X be a scheme and M be an O x-module. One says that a family of global sections
(si)ier € T(X, M) generates M if for all z € X, ((s;)x)ier generates M, as an Oy ,-module.

Example 1.50. Let R be a ring. On X := P% = Proj(R[Ty, - - ,Ty]), recall that we have the twisted
sheaf of Serre O(1) := M, where M := S o TiR[Ty, - -+ ,Ty] (see example 1.39). Then, the global
sections Tp, -+, T, € T'(X,0(1)) generate O(1).
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We will now study the link between invertible sheaves and projective embeddings. Consider a mor-
phism of R-schemes ¢ : X — P7% and the Ox-module £ := ¢*O(1), which is an invertible sheaf (by
lemma 1.41.(1)).

Let us explain how to pull-back sections. Let X; be a scheme and M an Ox,-module. One notices that
every global section s € I'( X1, M) induces a morphism of sheaves 5 : Ox, — M given by 5y () := A5y
for all open subset U C X; and all section A € T'(U, Ox,). Conversely, every morphism ¢ : Ox, — M
is of the form ¢ = § where s := ¢x(1). If f: X3 — X1, we can apply the pull-back functor to obtain
f*8: f*Ox, = Ox, — f*M and take f*(s) := f*5(1).

Taking X; := P% and X5 := X, we get a morphism of F(P%,OP%)—modules between the global
sections ¢* : I'(P%, O(1)) — T'(X, £). It is easy to see that the global sections s; := ¢*(T;) (i € [0 ; n])

generate L. Conversely, one can reconstruct ¢ knowing £ and the global sections s;.

Theorem 1.51. Let R be a ring and X be a R-scheme. Let L be an invertible sheaf on X generated by
global sections sg,- - ,5,. Then, there exists a unique morphism of R-schemes ¢ : X — P% such that
L~ p*O(1) and s; = ¢*(T;) for alli € [0 ; n].

Proof. For each i € [0; n], let X; := {zx € X | (8;)s & mx oLy} Then, X; is an open subset. Indeed,
if x € X, then z admits an open affine neighborhood U := Spec(R) in X such that Ly ~ Oxy,
so that for every point p € U (which corresponds to a prime ideal of R), £, ~ R, (as R-modules) and
my pLp ~myx,, = pRy, sothat X;NU = {p € U | (s;)jv & b} = D((s:)r), which is an open neighborhood
of x.

Furthermore, X = JiL, X;. Otherwise, since the s; generate £, we would have a point z € X such
that mx L, = L, so that £, = {0} by Nakayama’s lemma [9, proposition 2.6], which is impossible
because L, ~ Ox , and Ox , is a local ring (so is not zero).

For alli € [0; n], let U; := D(T;) = {p € P} | T; & p}. Since U; = Spec(R[To/T;,--- ,Tn/T3i]), by [6,
proposition 3.4] it suffices to define a homomorphism @; : R[Ty/T;, -+ ,Tn/T;] — T'(X;, Ox) to define a
morphism of scheme ¢; : X; — U;. The idea here is to set ¢;(1;/T;) := s;j/s; for all j € [0 ; n] but the
quotient needs to be properly defined in I'(X;, Ox).

Since L is an invertible sheaf, X; admits an open covering (V;)ece such that for all e € £, there exists
an isomorphism of Ox |y, -modules 0. : Ly, — Ox|y,. Forall e € £ and z € V, (si), € mx 2Ly, SO
Oe,v. ((5i)|v,)z & mx, and this section is locally invertible and local inverses coincide (by unicity) so we
can lift local inverses by the sheaf properties of Ox so that 0 v, ((s;)}v,) is invertible. Furthermore, for
all e, f € £, we have 0. v,nv;, = O, v.nv; (ef_,%/emvf(l))af,veﬁvf: so that:

vie[o; n], (736%(8];)) = <0f’vf(83:)>
e.v. (5i) [VenVy Or.v (51) VeV
and there exists ¢; ; € I'(X;,Ox) such that tijyy, = Oev. (sj)/bev.(s;) for all e € £ and we can set
¢;(T;/T;) :=t; ;. Later, we will denote s;/s; instead of ¢, ; by abuse of notations.

To define a morphism ¢ : X — P% globally, we glue the ¢;. By [6, proposition 3.5] it suffices to

verify that (p;)x,nx, = (¢;)x.nx; for all 4,5 € [0 ; n]. Since:

UsNUj = D(TiTj) = Spec(R[To/ Ty, - -, Tn/Ti|[Ti/Tj]) = Spec(R[To/Tj, - -, T/ T;] [T/ Ti])

we only have to verify that the ring homomorphisms R[Ty/T;,--- ,T,/Ti][T;/T;] — T'(X; N X;,0x)
induced by ¢; and ¢; coincide, which is true by construction.
It remains to identify ©*O(1) with £. Let ¢ : ¢*O(1) — L mapping ¢*(T;)jy to (s;)r for all
1 € [0 ; n] and for all open subset U C X. It suffices to prove that ¢ induces an isomorphism on the stalks.
Let € X and ¢ € [0 ; n] such that x € X;. Then p := ¢(z) is a prime ideal of S := R[Ty/T;, -+ ,Tn /T3]
and we have:
©*O(1)e ~ Oxz ®s, T;Sy
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Clearly 1, maps ¢*(Tj); = 1@ T to s; for all j € [0; n], so ¢, is surjective because the s; generate L.

In addition, every element of ¢*O(1) is a sum of elements the form:

where A € Ox , and f € S, is a rational fraction whose denominator is not in p, so every element of
©*O(1) is of the form A ® T; (where A € Ox ). Let A € Ox , such that A ® T; is sent to zero via 1.
Then A(s;); = 0. But the (s;), generate £, and any linear combination of such elements can be factored
by (si)s, so that £, = Ox (). Since L is invertible, there is an isomorphism 6, : £, — Ox 5. Let
p € Ox , such that 671(1) = u(si)z. Then, 6;1(N) = N 1(1) = Au(s;) = 0, so that A = 0. Hence the
injectivity of ¢,. Then, ¢*O(1) ~ L

The unicity of ¢ is a consequence of the relations ¢*(T;) = s; for all i € [0 ; n]. This completes the
proof. [

We would like to know when the morphism defined by the above theorem is in fact an embedding i.e.
a closed immersion. We first need to make the link with divisors using the correspondence we have seen
in 1.3.3. For that purpose, we need to introduce the notion of linear system. From now on and until the

end of the paragraph, X will be a complete and regular k-variety.

Definition 1.52. A complete linear system on X is an equivalence class of positive divisors of X. In

other words, a complete linear system 0 is a subset of Div(X) of the form:

0 ={div(f) + Do | f € L(Do) \ {0}}

with Dy € Div(X) and L(Dy) = {f € k(X)* | div(f) + Do > 0} U {0}. A linear system on X is of the
form:

0 ={div(f) + Do | f € W\ {0}}
where W C L(Dy) is a k-vector subspace.

Definition 1.53. Let ? be a linear system on X. One says that z € X is a base point of 0 if for all
D €0, x € Supp(D).

Lemma 1.54. Let 0 be a linear system defined by Doy € Div(X) and V C L(Dy). We set L := L(Dy).
Then:

(i) x € X is a base point of 0 if and only if sz € mx L, for all s € V.
(i) 0 is base point free if and only if L is generated by the global sections of V.

Proof. (ii) is an immediate consequence of (¢). Indeed, if £ is generated by the global sections of V', then
for every x € X, L, is generated by the s, for s € V and £, # mx L, (by Nakayama’s lemma) so there
exists s € V such that s, € myx ,L,. Conversely, if the global sections of V' do not generate £, then there
exists * € X such that V, # £, but £; ~ Ox, so V, corresponds to a proper ideal in Ox , which is
necessarily included in my ,, so that V, Cmx L.

Now we prove (7). It suffices to prove that for x € X, s € V'\ {0} and D := div(s) + Dy € 9, we have
x € Supp(D) if and only if s, € my ,L,.

<= Suppose that s, € my ,L;. Then there exist an open affine neighborhood U := Spec(R) of
z, f € '(U,Ox) = R and g € I'(U, £) such that sy = fg and f, € mx,. Let p be the prime ideal
corresponding to 2. Then f € pR, = mx . so that f = ¢, with a € pand b € R\ p. Let ¢ C p be the
prime ideal minimal among the prime ideals containing a. Then, ht(q) = 1 by the Hauptidealsatz [9,
corollary 11.7] so that V(q) = Z N U for a given prime divisor Z € P(X) and z =p € V(q) € Z. And
f € qRq so that ordz(f) > 0 and :

ordz(D) = ordz(s) + ordz (Do) = ordz(f) + ordz(g) + ordz(Dg) > 0
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Since ordz(g) + ordz(Dg) > 0 because g € I'(U, £). Then, z € Z C Supp(D).

= Suppose that z € Supp(D). Then there exists a prime divisor Z of X such that z € Z and
ordz(D) > 0. Let U := Spec(R) be an open affine neighborhood of X on which Dy is principal. We may
write Doy = div(g)|y for a certain g € k(X)*. Then, ordz(D) = ordz(sjyg) > 0 so that s|yg € qRq,
where q € Spec(R) is the generic point of ZNU (ZNU = V(q)). But Dy = div(sjyg) > 0 so
ordz:(sjyg) > 0 for all prime divisor Z’ € P(X) intersecting U and sjyg € R, for all prime ideal v of
height 1. But X is regular so it is normal (by lemma 1.19), then R is normal by [6, lemma 6.38.(1)] and

R is a finite type k-algebra so it is Noetherian and we have :

R= (] R

reSpec(r)
ht(r)=1

by [8, theorem 12.3]. We conclude that sjyg € qRqy N R =q C p. But 1/g € I'(U, £) because div(1/g) +
div(g) = 0, so that s, € mx ;£,. This completes the proof. O]

Let D € Div(X) be a positive divisor. Since X is regular, D is locally principal by proposition
1.44. Thus, there exists an open covering (U;);er of X and sections g; € K(U;)* = K(X)* such that
Dyy, = div(g;) for all i € I. Since D > 0, the g; are sections of I'(U;, Ox) (as we saw in the proof of
lemma 1.45). For all 4,5 € I, div(gigj*l)‘UmUj = div(gjg;1)|UmUj =0so gigjfl,gjgfl e I'(U; nU;, Ox)
and gigj_1 eT(U;NU;,0x)*, so g; and g; generate the same ideal in I'(U; NU;, Ox ). Then, the g; define
a sheaf of ideals on U; for all ¢ € I an we can glue these sheaves to define a sheaf of ideals Zp on X. Zp
is coherent so it defines a closed subscheme Xp := (Sp,(Ox/Ip)s,) of X, where Sp := Supp(Ox /Ip)
(by [6, proposition 7.32]).

Then, for all x € Sp, the tangent space of D at x: T,(D) := T,(Xp) is naturally a subspace of the
tangent space T,(X). Indeed, the maximal ideal of Xp at z € Sp is mp, = mx /(Zp), S0 a any

tangent vector t : mp ,/m%  — k can be seen as a tangent vector my ,/m% , — k vanishing on Z,.

Definition 1.55. (i) A linear system 0 is said to separate points when for all distinct closed points
x,y € X, there exists D € d such that « € Supp(D) and y & Supp(D).

(ii) A linear system 0 is said to separate tangent directions when for all closed point = € X and for all
tangent vector ¢ € T,,(X) \ {0}, there exists D € 0 such that ¢ ¢ T,.(D).

Given a divisor Dy € Div(X), we consider the invertible sheaf £ := £(Dy). L remains unchanged
(up to isomorphism) when Dy is translated by a principal divisor (by proposition 1.48). Then, £ only
depends on the complete linear system 0 defined by Djy.

Assume that 9 is base point free. Then, by lemma 1.54, £ is generated by the global sections I'( X, £).
Since X is complete, I'(Ox, £) is a finite k-vector space by [6, proposition 12.65]. Then, by theorem 1.51,
a basis sg, -+, s, of I'(X, £) defines a morphism ¢ : X — P7.

Theorem 1.56. Assume that k is algebraically closed. Let X be a complete reqular k-variety. Let 0 be a
base point free complete linear system on X, L an invertible sheaf on X and ¢ : X — P} the morphism
determined by so,- - , s, generating I'(X, L), as above. Then ¢ is a closed immersion if and only if D

separates points and tangent directions.

Proof. See [7, proposition I1.7.3 and remark I1.7.87.2]. Hartshorne assumes that X is projective (what
we actually want to prove for abelian varieties) but the hypothesis made here (X complete and regular)

are in fact sufficient. O

Definition 1.57. An invertible sheaf £ on X is very ample if there exists a closed immersion ¢ : X — P}
such that £ ~ ¢*O(1) (as defined in theorem 1.51). £ is ample if there exists n € IN* such that £®" is
very ample.
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Similarly, a divisor D € Div(X) is very ample (respectively ample) if £(D) is very ample (respectively

ample). In other words, D is ample when there exists n € IN* such that nD is very ample.

Theorem 1.58. Let L be an invertible sheaf on X. Then L is ample if and only if for all coherent
Ox -module M, there exists ng € N such that for alln > ng, M Qe LZ" is generated by global sections.

Proof. This theorem is actually quite difficult. See [7, theorem I1.7.6]. O

The theorem 1.56 gives conditions of ampleness for divisors (or invertible sheaves) when k is alge-
braically closed. Now we explain why this hypothesis is unnecessary. Let K/k be a field extension and
Xk = X Xy K the K/k-extension of scalars. We assume that X remains regular. Then, we can still
consider divisors on X g and get the usual results of paragraphs 2.8 and 1.3.3.

Furthermore, we have a natural embedding k(X ) — K(Xg) = K ®; k(X) so every function f € k(X)
may be seen as an element of K (X ). Then, we can associate to a divisor D on X a divisor D on X
by embedding its local equations in K(Xg). Conversely, if k’/k is a subextension of K/k (k C k' C K),
and if D € Div(Xg), we say that D is defined over k' if its local equations are elements of k'(Xy/) =
E @ k(X)C K(Xg). In that case, D can indeed be seen as an element of Div(Xy/).

Since the group Gk /i, := Aut(K/k) acts naturally on any K-algebra, it acts on the local equations

on any divisor and respects the compatibility of these local equations so Gk acts on Div(X K)-
Proposition 1.59. (i) If D and D’ are ample divisors on X, then D + D' is ample.

(ii) IfY is a subscheme of X, and D is an ample divisor, then Dy is ample.

(iii) If D is a divisor on X such that Dk is ample on Xk, then D is ample on X.

(iv) Suppose that K/k is algebraic and that there exists an ample divisor on X . Then, there exists an

ample divisor on X.

Proof. (i) and (i) are immediate consequence of theorem 1.58.

(#4i) Suppose that Dy is ample and let n € IN* such that nDg is very ample. By the construction
of theorem 1.51 if ¢ : X — P} is defined by nD, then the base change i : Xk — P% is defined by
nDg. So ¢k is a closed immersion and ¢ is a closed immersion as well by [10, Exercise 1.7.10], so that
nD is very ample and D is ample.

(iv) Let D be an ample divisor over K. Since K/k is an algebraic extension and X i is quasi-compact,
D admits local equations on a finite open covering of X and they are all defined over a finite normal
extension £'/k, so D is defined over &'. Let G := Aut(k'/k) C Gk j, and:

D’::ZU~D

ceG

where for all 0 € G, o - D is given by the group action described above. D’ is invariant under the action
of G, and consequently, D’ admits G-invariant local equations, so D’ is defined over k’¢. Assume that k
is perfect, then k¢ = k and D’ is defined over k.

Moreover, if ¢ : X — P is defined by D, then for all o € G, the morphism defined by o - D is still
a closed immersion, as the composite of ¢ with the isomorphism idx X Spec(o) : X xx K — X X K,
where Spec(o) : Spec(K) — Spec(K) is induced by ¢ : K — K. It follows that D’ is ample by (i). We
conclude by (i) that D’ is in fact an ample divisor on X.

If k is not perfect, then k’“/k is radical by [11, proposition 5.6.11], so there exists m € IN* such that
k'’P" =k (where p is the characteristic of k), and we conclude that p™D’ is defined over k. But p™D’ is

still ample (by (i)) so we conclude as previously. O
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1.4 Intersection theory

In this section, we present useful and advanced tools of intersection theory which are crucial to study
the multiplication by n map of abelian varieties. Since some invoked results may be long and difficult
to prove and intersection theory is not at the center of this seminar, the following results are presented
without proofs. The reader may refer to [3, chapters 1.12, 1.13, 11.33.43 and I1.33.44] and [7, III.1 and
II1.2] for further details.

1.4.1 Cohomology of sheaves

Let A be an abelian category (for instance the category of abelian groups, R-modules over a given ring R
or sheaves of R-modules). One says that an object I of A is injective if Hom(-, I) is an exact functor. One
says that A has enough injectives if every object of A is isomorphic to a subobject of an injective object.
An injective resolution of an object A € Obj(A) is a complex of injectives I* defined in nonnegative

degrees only together with a map A — IV such that the following sequence is exact:
0—A—1"——T1"— ...

If A has enough injectives, it is easy to prove by induction that every object of A admits an injective
resolution [3, lemma 13.18.3]. Two injective resolutions of the same object are homotopic [3, lemma
13.18.4].

Let F': A — B be a covariant left exact functor. Let B® denote the category of complex of B. Then,
we define the right derived functor of F, RF : A — B® as follows: given A € Obj(.A) and I*® an injective
resolution of A, R'F(A) := H'(F(I*)) (cohomology group of the complex F(I*)). This is well defined
because I°® is defined up to homotopy. Defining the derived functor on morphisms is much more complex
(see [3, lemma 13.14.3]). We get easily that RF is naturally isomorphic to F', that R'F is additive for
all i € N and that R'F(I) =0 for all i € IN* if I is injective [7, theorem 1.1A].

Let (X,Ox) be a ringed space. Then, the category Mod(Ox) of Ox-modules has enough injectives
[7, proposition I11.2.2] and the functor I'(X,-) is left exact so we can define its right derived functor
H*(X,-). If M is an Ox-module, for all i € IN, we call H!(X, M) the i-th cohomology group of M.

If X is Noetherian of dimension n, then a theorem due to Grothendieck ensures that H*(X, M) = 0
for all i > n and all Ox-module M [7, theorem II1.2.7]. Now, if X is a complete k-variety and M is a
coherent Ox-module, then the homology groups of M are finite dimensional k-vector spaces [3, lemma
30.19.3] (in the case i = 0, we have H°(X, M) = I'(X, M) and we already have seen this result [6,

proposition 12.65]). In that case, we can define the Euler characteristic of M as follows:

X(X, M) = (=1)'dim H (X, M)

ieN
1.4.2 Intersection numbers
Throughout this paragraph, we fix X a complete k-variety.

Lemma 1.60. Let M be a coherent Ox-module and L1,--- , L, be invertible sheaves on X. Then, the
function:
(n1,---,n.) €Z" l—>x(X,M®£?”l ® - QLET)ET

is a numerical polynomial function (polynomial function with rational coefficients mapping Z to Z.) of
total degree < dim(Supp(M)).

Proof. See [3, lemma 33.44.1]. O
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Definition 1.61. Let i : Z — X be a closed immersion, d := dim(Z) and L4, --,Lq be invertible
Ox-modules. Then, we define the intersection number (L1 --- Ly - Z) as the coefficient of ny - - - ng of the

polynomial function:
(n1,++ na) € 2% +— X(X,1.07 @ LT™ ® - @ LG™) = X(2,07 @ L1 @ -+ @ Lajy") € L

Lemma 1.62. Let i : Z < X be a closed immersion, d := dim(Z) and Lq,--- ,Lq be invertible Ox-

modules. Then:
(1) (L1 Ly-2) €.
(i) If L1,---,Lq are ample, then (L1---Lq-Z) > 0.

(iii) Intersection numbers are additive: for i € [1 ; d]|, and L} is an invertible sheaf on X, then:

(Ly - Li @@L Lg-Z)=(Ly- L Lg-Z)+ (L1 L Lg-Z)

Proof. See [3, lemma 33.44.4] for (i), [3, lemma 33.44.9] for (ii) and [3, lemma 33.44.5] for (7). O

Lemma 1.63. Let f: X — Y be a finite dominant morphism of complete and integral k-varieties. Let
d:=dim(Y) and Ly, , Lq be invertible sheaves on' Y. Then, we have:

(f*ﬁlf*[,dX):deg(f)(ﬁlﬁdY)

Proof. Since k(Y')/k(X) is finite k(X) and k(Y") have the same transcendence degree so dim(X) = dim(Y")
by [7, Exercise I1.3.20.b] so the formula makes sense. For the proof see [3, lemma 33.44.7]. O
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Chapter 2

Abelian varieties

2.1 Group schemes and abelian varieties

Definition 2.1. Let S be a scheme. A group scheme G over S is a quadruple (G, m,i,e) where G is a
S-scheme, m : G xs G — G, i : G — G two morphisms of S-schemes and e € G(S) a S-valued point
such that for all S-scheme T', G(T') has a group structure given by m as the multiplication map, i as the

inversion map and e as the neutral element. Namely, for all g1, g2, g3 € G(T):
(i) mo (g1 xseomp/g) =mo (eomp s X5 g1) = g1 (neutral element).

(ii) mo (g1 xsmo (g2 X5 g3)) =m(mo (g1 x5 g2) X5 gs) (associativity).
(iii) mo (g1 Xxgiog1) =mo(iog) xXgg1) = eomp/g (inversion).

Where mp/g : T — § is the structural morphism of 7'.

To simplify the notations, we will often denote (G, m) or even G instead of (G, m,i,e) for a group

scheme and m(g, h) or simply gh instead of m o (g X g h) for the multiplication of two elements.
Definition 2.2. A morphism of group shemes over S, ¢ : (G,m) — (G’,m’) is a morphism of S-schemes

which induces a group homomorphism G(T) — G'(T) for all S-scheme T. Namely, for all g,h € G(T):

@(m(g, h)) = m/(¢(g), p(h))

Lemma 2.3. Let (G, m) be a group scheme over S and S’ be a S-scheme. Then, the pullback (Gg:,mg)

is a group scheme over S’.

Proof. First of all, we remark that:

(G Xg G) Xg S ~@a Xg (G X5 S/) =G Xg Gsr ~G Xs (S/ X gt GS/) ~ (G Xg S/) X gt Gsr
=Gg X5 Ggr

And we set mgr = mXSidsl : (GXSG)XSS/ ~ GS/ XS/GS/ — GS/, 1g = iXSidS/ and egr 1= eXSidS/.

With this definition, we have the following commutative diagrams for m and mg::

(GXSG) XSS/TS/)GS' (1) (GXSG) XSS/TS/ (2)
\qu J{pl sz
mgr A
GXSG m G GS/ZGXSS’

where the maps p;,q; of index 1 (resp. 2) are left (resp. right) projections (we will keep using this

convention later). We also have similar diagrams for ig- and eg.
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Let T be an S’-scheme and ¢’ € Gg/(T). Then, we have:

promg o(g xge)=moq o(g xg¢€') (seediagram (1))
=moqo((prog xsproe) xgidg)
(with the identification (G xg G) xg S’ ~ Gg' X5 Ggr
and the unicity in the universal property of the fiber product)
=mo(prog xspioe)

=piog (by the axiom (i) of group schemes)

One proves as well that py omg: o (¢’ xg €') = p2 0 g using (2), so we get that mg o (¢’ xg €') = ¢’ and
we can obtain that mg: o (¢/ xg ¢’) = ¢’ with the same arguments. Axioms (i) and (iii) can be proved

with similar techniques so we will omit them. O

Definition 2.4. An abelian variety A over k is a group scheme over Spec(k) which is proper (i.e.
complete, separated, of finite type) and geometrically integral. In particular, an abelian variety over k is
a k-variety.

A morphism of abelian varieties is a morphism of group schemes between abelian varieties.

Proposition 2.5. Let A be an abelian variety over k. For every field extension K/k, Ak is an abelian

variety.

Proof. Ak 1is still a group variety by lemma 2.3 and is still geometrically integral by proposition 1.7.
Moreover, A is proper so its structural morphism 74/, : A — Spec(k) is proper and w4, )k : Ax —
Spec(K) is only the base change of 74/, with Spec(K) — Spec(k) so it is proper by lemma 1.10.(ii)
and A is proper.

O

Lemma 2.6. Le ¢ : A — B be a morphism of abelian varieties. Then, ¢(A) is an abelian subvariety
of B.

Proof. A is proper and B is seperated so ¢ is proper (hence closed) by lemma 1.11 so ¢(A) is closed and
may be seen as a closed subscheme of B with the reduced induced structure. ¢(A) is clearly a subgroup
scheme of B (because the restricted multiplication map mp|,(a)xp(a) factors through ¢(A)). By [3,
lemma 30.26.3], we get that ¢(A) is proper (as a closed subscheme of a proper scheme). It remains to
prove that ¢(A) is geometrically integral. First, we notice that ¢(A); = ¢(Az) and that ¢ remains
a morphism after extension of sclars (it would require a justification) so we may assume k& = k and we
simply have to prove that ¢(A) is integral, which is obviously true because A is integral (so ¢(A) is
irreducible) and ¢(A) has reduced induced structure. O

Let A be an abelian variety over k. Any k-valued point z € A(k), is by definition a morphism of

schemes x : Spec(k) — A so we can define the right translation by x on A as the composition:

A id
fot A A A IS A AT A

where 7,4/, is the structural morphism A — Spec(k). t, defines an automorphism and its inverse is
tL(.Z‘)'

Proposition 2.7. Let A be an abelian variety. Then A is smooth.

Proof. Tt suffices to prove that A; is smooth (by [6, remark 6.30]). By proposition 2.5 we may assume

that k is algebraically closed.
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The smooth locus A, of A is open and dense in A (by [6, theorem 6.19]). Moreover, Ay, is stable
by translation. Indeed, if © € A, then there exists an open affine neighborhood U of x and an
immersion j : U < Spec(R) where R is a finite-type k-algebra R = k[X1, -+, X,]/(f1, -+, fn—a) such
that rank Jac(f1, -+, fn—a)(z) =n —d. And for any k-valued point, y € A(k):

jotuy) : by, (U) = t,(U) — Spec(R)

is still an open immersion and t,(U) is an open neighborhood of t,(z) so t,(x) is smooth.

Besides, the set of k-valued points A(k) can be identified to the set of closed points of A and is very
dense (by [6, corollary 3.36]). Then, A(k) N Asm # 0 so there exists zg € A(k) N A and for all y € A(k),
tu(zo)y(T0) = Y € Ay by the stability property of Ay,. Then, Ag,, is as very dense as well.

Suppose by contradiction that there exists z € A\ Agy,. Then, @ C A\ A, as A\ Agp, is closed.
Then, {337} =A,n N m =0 = 0 because A,,, is very dense. Contradiction. Then, A4 is smooth. O

Proposition 2.8. Let A and B be two abelian varieties over k. Then every morphism of k-schemes

p: A —> B is the composition of a translation and a morphism of abelian varieties.

Proof. Let e and €/, m and m’, i and i’ be the respective neutral elements, multiplication maps and
inversion maps of A and B. We have ;.o ¢(e) = ¢/, so after translating, we may assume that p(e) = €.

We now consider the morphism of k-schemes:
pi=m'o([pom] xpliom o(pxrp)]): AxrA— B

which corresponds to (z,y) € A(T) x A(T) — p(zy)e(y) " Lp(x)~t € B(T) on T-valued points for all
k-scheme T'. Since p(e) = €', we have (A x {e}) = {e'} = ¥({e} x A). By the rigidity lemma (theorem
1.13), we have ¥(A x A) = {€’}, which completes the proof. O

Corollary 2.9. Let A be an abelian variety. Then A(T) is an abelian group for all k-scheme T.

Proof. We apply proposition 2.8 on the inversion morphism i : A — A. Since i(e) = e, we get that 7 is

a morphism of abelian variety. Then, it induces a group endomorphism on A(T), so A(T) is abelian. [

As a consequence of this corollary, we may denote the the group law additively and denote 0 instead

of e the neutral element of an abelian variety.

2.2 Morphisms and isogenies

Let ¢ : A — B be a morphism of abelian varieties over k. The kernel of ¢, is the scheme theoretic fiber
of OB :
ker(¢) := Ao, = A x g Spec(k)

Where the fiber product is given by ¢ and the map Op : Spec(k) — B. This is a closed subscheme of A

and a group scheme (because of the group homomorphism structure of ¢).
Definition 2.10. A morphism of abelian varieties is an isogeny if it is surjective of finite kernel.

Proposition 2.11. Let ¢ : A — B be a morphism of abelian varieties. Then, ¢ is an isogeny if and

only if one of the following conditions stands:
(i) dim(A) = dim(B) and ker(¢) is finite.
(i) dim(A) = dim(B) and ¢ is surjective.

(iii) ¢ is finte locally free.
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Proof. A and B are both complete k-varieties so lemma 1.11 ensures that ¢ is proper. It follows that ¢ is
closed and that ¢(A) is an integral subscheme of A (with the reduced induced structure). Then, ¢ factors
through the closed immersion ¢(A) < B and we may see ¢ as a surjective (hence dominant) morphism
of integral schemes of finite type A — ¢(A). By [7, Exercise 11.3.22], there exists a non-empty open
subset U C A such that for all b € ¢(U):

dim(Ay) = dim(A) — dim(¢(A4)) ()

Besides, for all b € B (viewed as a k(b)-valued point), the translation ¢, : B X k(b) — B Xy k(b) induces
an isomorphism between the fibers ker(¢) x5 k(b) = Ag x k(b) — A up to extension of scalars, and
under the hypothesis we have made (integrality and finite-typeness), the dimension is unchanged after
extension of scalars (by [7, Exercise 11.3.20.f]) so all fibers have the same dimension and (x) holds for
every b € B. In particular:

dim(ker(¢)) = dim(A) — dim(¢(A))  (x*)

If (i) holds, then ker(¢) is finite so its dimension is zero and dim(¢(A)) = dim(A) = dim(B) so that B =
@(A) because B is irreducible and ¢(A) is closed so ¢ is an isogeny. If (47) holds, then dim(ker(¢)) = 0 and
we conclude by the following lemma. Conversely, if ¢ is an isogeny, then dim(B) = dim(¢(A4)) = dim(A)
by (xx) so (¢) and (4¢) hold.

Lemma 2.12. Let X be a finite type k-scheme. If Y is a closed subscheme of dimension zero, then Y is
finite.

Proof. Let U := Spec(R) be an open affine subset of X intersecting Y, and let I C R a reduced ideal
such that Y N U = V(I). Then every prime ideal p € V(I) is maximal so V(I) is finite because R is

Noetherian. Since X is quasi-compact, it can be covered by finitely many open affines so Y is finite. [

Now we prove that ¢ is an isogeny if and only if it is finite locally free. If ¢ is finite locally free then its
fibers are finte by lemma 1.21 so ker(¢) is finite and ¢.O 4 is a locally free of finite type Op-module. Tt
follows that for a given non-empty open affine V. C B, O4(¢~1(V)) is a finitely generated Og(V)-module
so that both rings have the same dimension and dim(A) = dim(O4(¢~1(V))) = dim(Op(V)) = dim(B)
by [7, Exercise I1.3.20.¢]. So (i7) holds and ¢ is an isogeny.

Conversely, if ¢ is an isogeny then ker(¢) is finite so all the fibers are finite (as we have seen with the
isomorphism induced by the translations) and ¢ is proper by lemma 1.11 so ¢ is finite by lemma 1.21.
Then, ¢.04 is a coherent Op-module as the direct image of a coherent module by a finite morphism
[7, exercise 5.5]. Since Q4 , is a k-vector space for all a € A, it is flat over k so O4 is flat and O4 is

(quasi)-coherent so ¢.04 is flat by lemma 1.26. Consequently, ¢ is finite locally free. O

2.3 The theorem of the cube and its consequences

Let us recall the:

Theorem 2.13 (theorem of the cube). Let X,Y,Z be three geometrically irreducible k-varieties. We
assume that X andY are complete. Let L be an invertible sheaf on X XY x Z, g € X(k), yo € Y (k)
and zg € Z(k) such that L is trivial on X XY x {z0}, X x {yo} X Z and {xo} XY x Z. Then, L is trivial
on X XY x Z.

Proof. See [2, p.55 or p.91]. O

Let A be an abelian variety over k. For i € {1,2,3}, let p; : A> — A be the projection of the i-th
coordinate. For i, j,k € {1,2,3}, we denote:

Dij ::mo(pixpj):A3—>A
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(the sum p; + p;) and
Pijki=mo(pi; xpp): A> — A

(the sum p; + p;j + p)-

Corollary 2.14. For any invertible sheaf L on A, the invertible sheaf:
Plasl @piol™ @pisL™ @p3s LT @piL @ p3L @ p3L

on A3 is trivial.

Proof. Let M be the invertible sheaf of the corollary. Then, the restriction of p1 2 3, p1,2,P1,3, 02,3, P1, D2, D3
on Ax Ax {0} ~ A x A are respectively m,p, m,q,p,q,0 where p: A x A — A is the left projection,
q:Ax A— Ais the right projection and 0 is the constant map 04 X m4,;. Then:

MA><A><{O} ~m*L ®p*ﬁ_1 em* L '® q*E_l QP LRIGTLROaxa = Oaxa

where we used lemma 1.41.(ii) to identify 0*L with Oaxa. By similar arguments, we obtain that the
restriction of M to A x {0} x A and {0} x A x A are trivial. Then, M is trivial by the theorem of the
cube 2.13. O

Corollary 2.15. Let X be a k-scheme and f1, fa, f3 : X — A be three morphisms of k-schemes. For
i,7,k € {1,2,3}, let us denote by f; + f; and f; + f; + fr respectively the composites p; j o (f1 X fa X f3)
and p; ;1 © (f1 x fa x f3). Then, for all inverible sheaf L on A, the invertible sheaf:

(it ot ) LR(fitR)LITRA+HLIR(fatH)LTRAALRAHLR fIL

1s trivial.

Proof. We only have to apply the functor (f; X f2 X f3)* on the invertible sheaf of the preceding corollary.
O

For n € Z, we define the multiplication by n map [n] : A — A as follows: [0] := 04 074y, is the zero
map, for all n € IN*, [n + 1] = mo ([n] xida) 0 A/, (by induction) and [—n] := i o [n]. For all n € Z,

[n] is an endomorphism in the category of abelian varieties as it is a group homomorphism.

Corollary 2.16. Let L be an invertible sheaf on A. Then, for alln € IN:

n(n+1) n(n—1)

] L~ LO™= @ [ L8

where the exponents are iterations of the tensor products.

Proof. We proceed by induction on n € IN. For n = 0, the equation is O ~ O4 so the result is trivial.
For n € N, the preceding corollary with f1 := [n], fo := [1] and f5 := [—1] ensures that:

LN +1] LY@ n -1 L2 [0 L @ " L1 L@ [-1]"L ~ O4

ie. nA+1L>n* L% n-1]"L° '@ Lo [-1]*L (%)

with the use of lemma 1.41.(ii) to simplify the trivial term [0]*£®~!. Taking n = 0 in (%), we get the
desired result for n = 1. Now, we assume that the result holds for n and n — 1. Then, by (x) and by the
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induction hypothesis, we get:

n+1]"L~ ] L2 @ n—-1]"L% '@ Lo [-1]"L
n(n+1 n(n—1)\ 2 n—1)n n—1)(n—2
~ (£®7( 7 [~ 1)L >) ® LEHFE @ L1 LT @ L [-1)°L

~ £®n(n+1)—7n("271)+1 ® [_1]*£®n(n—1)—7(n71)2(n72>+1 _ £®7(n+1)2("+2) Q [_1]*£®7n(n2+1)

This completes the proof. O

Corollary 2.17 (theorem of the square). Let £ be an invertible sheaf on A and a,b € A(k) two k-valued
points. Then:
ta iy L®LLREL

Proof. We only have to apply corollary 2.15 to f1 := ida, f2 := aomwy/, and f3 := bo 7w/, and use

lemma 1.41.(ii) to simplify trivial terms. O

Let a € A(k). For all prime Z divisor of A, the translation t,(Z) is still closed irreducible and of

codimension 1 so it is a prime divisor. By linearity, one defines the translation of any divisor on A.
Lemma 2.18. For all a € A(k) and D € Div(A), we have t:L(D) ~ L(t_q(D)).

Proof. The translation ¢, : A — A induces a sheaf isomorphism t# : ;104 — O4, so that:

t*E(D) =0y ®t;1(’)A

a

S1L(D) ~t;1L(D)

a

But for all open subset U C A :

DUt £(D)) = T(ta(U), L(D)) = {f € k(X)* | div(F)jt,w) + Dyr,(w) = 0}
and we get easily that Dy, () = t—_o(D), so that T'(U, t, ' £(D)) ~ T(U, L(t_4(D))) and finally t}£(D) ~
L(t_q(D)). O

With the formula above and proposition 1.48, the theorem of the square could be reformulated in

terms of divisors as follows:

Corollary 2.19. For all a,b € A(k) and divisor D € Div(A), we have to1p(D) + D ~ to(D) + tp(D).

2.3.1 Abelian varieties are projective
Theorem 2.20. Abelian varieties are projective.

Proof. Let A be an abelian variety over k. By proposition 1.59.(iv), we may assume that k algebraically
closed.

Step 1: We construct a divisor D := Y";_,[Z;] where the Z,--- , Z, are prime divisors on A such
that:

(i) Niz1 Zi = {04}, where 04 is the neutral element of A.
(ii) Niz1To.(Z;) = {0}, where 0 is the zero vector in the tangent space Tp , (A).

Let U := Spec(R) be an open neighborhood of 04. Then, 04 corresponds to a maximal ideal mg C R
because 04 is a closed point by [6, corollary 3.36] (since 04 € A(k)). As we have seen in chapter 1,
the prime divisors Z passing through 04 are determined by prime ideals p of height 1 of R such that
mg € V(p) i.e. p C mg. Therefore, we may see these ideals as prime ideals of height 1 in Ry,. But A is
smooth so Ry, = O4,, is regular by 1.19. By theorem 1.17, we get that Ry, is a unique factorization

domain. Since the elements of moR,,, are non-invertible, they all have irreducible factors. Besides, the
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principal ideals generated by irreducible elements are prime of height 1. It follows that mg is generated

by the prime ideals of height 1 contained in mg, so that:

ﬁ Vi(p) = V( Z P) =V(mg) = {mo}

pCmo pCmo
ht(p)=1 ht(p)=1
Then, the intersection of U and all the prime divisors of A containing 0,4 is reduced to 04, and this is
true for all open affine neighborhood U of 04. Then, to prove that the intersection of all prime divisors
containing 04 is reduced to 04, it suffices to prove that open affine neighborhoods of 04 cover A.

Let © € A be a closed point (automatically k-valued) and U be an open affine neighborhood of 04.
Then t,(U)NU # 0 because A is irreducible and the closed points are very dense so there exists a closed
point y € t,(U) NU. Therefore, 04 € t;—,(U) and z = y+x — y € t,—,(U). Furthermore, t,_,(U)
is still affine because ¢,_, is an isomorphism. We conclude that the open subset V' formed of all open
affine neighborhoods of 04 contains the set of closed points A(k), so it is very dense. Suppose that there
exists z € A\ V. Then, {x} € A\ V because A\ V is closed and therefore {x} = V N {z} = ) because
V is very dense. Then V' = A and we conclude that the intersection of all prime divisors containing 04
is reduced to 04, as announced before. Since A is Noetherian, by the descending chain condition, there
exists finitely many prime divisors Z1,- - , Z such that (;_; Z; = {0a}.

Let U := Spec(R) be an open affine neighborhood of 04 and my the maximal ideal corresponding
to 0 * A. Then, as we have seen above, my o, = moRy, is generated by all the prime ideals of height
1in Rum, = Oa,0, ie. by the localized ideals Tz, for every prime divisor Z containing 04 (Zz being
the coherent ideal associated to Z, as we saw in paragraph 1.3.4, on page 17). It follows that every
vector t in the intersection of the tangent spaces at 04 of the prime divisors Z containing 04 vanishes
on the 7 ,s, so on the whole of my4 ¢, so it is zero. But Ty, (A) is finite dimensional so it verifies the
descending chain condition and there are finitely many prime divisors containing 04 : Zs4y1,--- , Z, such
that Mi—,,1 To,(Z;) = {0}. Finally, Zy,--- , Z, verify (i) and (ii) and we set D := > ";_,[Z;].

Step 2: We prove that 3D is very ample i.e. that the complete linear system 0(3D) it defines is base
point free, separates points and tangent directions, which is necessary and sufficient by theorem 1.56.

Let a,b € A(k) be two distinct closed points. We prove that there exists a positive divisor linearly
equivalent to 3D whose support contains a but not b. By the theorem of the square 2.19, we have for all
¢,d € A(k) and all divisor D" € Div(A), t.(D') + ta(D’) +t_c—q(D') ~ 3D’, so that :

r

r
3D = 3312 ~ S [tar (Z0)] + [0, (Z0)] + [t—ar,(Z0))
i=1 i=1

for all ag, -+ ,ap, b1, ,b. € A(k). Since b —a # 04, by (i) there exists i € [1 ; 7] such that b —a & Z;,
so that b & t,(Z;). But a € t,(Z;). Then, we may chose a; := b — a. Now we chose b; such that
b & ty,(Z;) Ut_g;—p,(Zi) 1e. by & (b—Z;) Ut_q,—p(Z;). But b — Z; and t_,,_(Z;) are closed and
proper subsets and A is irreducible so they do not cover the whole of A. Since A(k) is dense, there
exists a convenient b; € A(k). For 1 < j # i < r, we take a; € A(k) \ t_4(Z;) so that b & t,,(Z;) and
bj € A(k)\(b—Z;)Ut_o;_1(Z;) so that b € ty,(Z;) and b € t_,,p,(Z;). We conclude that a € Supp(D’)
but b € Supp(D’) for a certain positive divisor D’ ~ 3D (given by the a; and b;), so that 9(3D) separates
points.

Given a € A, we can use the same ideas to find the a; and b; such that a avoids t,,(Z;), tp,(Z;) and
t_a,—b,(Z;) for all i € [1; n], so that a € Supp(D’) for a certain D’ € 9(3D) and 9(3D) has no base
point.

Let a € A(k) and t € T, (A) \ {0}. Since ¢, is an isomorphism its differential at 0,4 is an isomorphism
between Ty, (A) and T,(A) and we have (;_; To(ta(Z;)) = {04} by (ii). Then, there exists i € [1 ; 7]
such that t & T,(t.(Z;)) and we may chose a; := a. As previously, we may chose b; such that a ¢

27



by, (Zi) Ut_a,—1,(Z;) and aj,b; for 1 < j # i < r such that b & t,,(Z;) Uty, (Z;) Ut_a;v,(Z;). Let:
D= Z([taz(zl)] + [tbz‘(Zi)] + [t*ai*bi(Zi)])

i=1

Then, the stalk at b of the sheaf of ideals associated to D’ (see the definition on page 17) is:
Ipryp = HIt,lj(Zj),b Lo (20 Lt _ay 0, (Z)) b
j=1

And a € t,,(Z;) only so these ideals are locally trivial (i.e. contain 1) on an open neighborhood of a,
L, (z;) excepted, so that Ip/p =Ty, (z,)6 = Lt,(z;)p and T.(D") = To(te(Z;)). Finally, t ¢ T,(D’) and
b € Supp(D’) so 0(3D) separates tangent directions. This completes the proof. O

2.3.2 Study of the multiplication by n map and torsions subgroups

Proposition 2.21. Let g := dim(A). The multiplication by n map [n] : A — A is an isogeny of degree
n?9.

Proof. Let £ be an ample invertible sheaf on A (it does exist by theorem 2.20). Let £’ := L @ [-1]*L.

!/

12

Then [—1]*L£’ ~ L’ because [—1] is an involutory isomorphism. Then by corollary 2.16, we have [n]*L
n(n+1) n(n—1)

L7 @ [—1] L2 T ~ Lo

By proposition 2.11 and lemma 2.12, to prove that [n] is an isogeny, it suffices to prove that dim(ker([n])) =
0. By contradiction, if dim(ker([n])) > 0, then there exists Z C dim(ker([n]), a closed irreducible sub-
variety of dimension 1. But [n]|z is constant so [n]*L], ~ C@"z is trivial by lemma 1.41.(ii). As a

consequence, the numerical polynomial function:
me L X(Z,L5"™)

is constant, so (£/®"” . Z) = 0 (as the dominant coefficient of this polynomial). Besides, £’ = £® [—1]*L
and £ is ample so [—1]*L is ample since [—1] is an isomorphism?, so that £’ is ample and q?# as well
(by proposition 1.59.(i) and (ii)). It follows that (L£'®"° . Z) > 0 by lemma 1.62.(ii). Contradiction. So
[n] is indeed an isogeny.

By lemma 1.63, we have:

([n]"L£' - A) = deg([n])(£L" - A)

Where £9 denotes L' --- L' (g times) and the same for [n]*£’. But by lemma 1.62.(iii), we also have:
([’I’L]*ﬁ/g . A) _ <<£/®n2>9 . A) _ n2g(£/g A A)

Since (£'9 - A) > 0 by lemma 1.62.(ii), we conclude that deg([n]) = n?9. O

Lemma 2.22. Let m : A x;; A — A be the addition map of A and 04 € A(k) the neutral element.
Then, the differential:

dm,,04)  T0a,04)(A Xk A) =Ty, (A) x To, (A) — To,(A)

is the additive map of the k-vector space Ty, (A).

Proof. Let kle] :== k(T)/(T?) (where € is the image of the indeterminate 7" in the quotient). The reader
may refer to [6, 6.4, p.149] for a presentation of the following invoked results. We know that T, (A) =
(ma,0,/m% )" can be identified with the set A(k[e])o, of homomorphisms Spec(k[e]) — A with image

1Tt is an easy consequence of theorem 1.58.
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0a. 04 0 Tk k : Spec(kle]) — A corresponds to 04 in Tp, (A), where 7y ,x : Spec(k[e]) — Spec(k) is
the structural map. We also have a k-vector space isomorphism T, (A) x Ty, (A) — T(0,4,04)(A X A)
induced by:

0: (¢1,02) € A(k[e])o, x A(K[e])o, = @1 X ¢2 € (A X A)(Kle])(04,04)

and dmg, 0,) corresponds to the map:
(NS (A Xk A)(k[d)(OA,OA) —>mogE A(k[e])OA
If o1 € Ty, (A) corresponds to ¢1 € A(k[e])o,, then (¢1,04) corresponds to (¢1,04 07y[e/%) and we have:

dm,,04) © 0(¢1,04 0 Thpg k) = m o (P1 X 04 0 T k) = 1

which corresponds to o1, so that dm, 0,) sends (¢1,0) to 1. By similar arguments, we get that the
image of (0, ¢2) is @y for all g € Ty, (A). By linearity of dm, 0,) we conclude that (¢1,2) maps to
p1+ pa. O

Proposition 2.23. [n]: A — A is étale if and only if p := char(k) does not divide n.

Proof. By proposition 2.21, [n] is an isogeny so it is finite locally free by 2.11, so [n] is flat and we only
have to determine when it is unramified.

By lemma 2.22, we get that d[n]o, : To,(A) — Tp,(A) is the multiplication by n map which is
injective when p does not divide n and zero otherwise. With the use of translation automorphisms of A,
we get that the differential of [n] is either injective on the whole of A when p does not divide n or zero

otherwise. Therefore, by lemma 1.35, [n] is étale if and only if p does not divide n. O

Theorem 2.24 (structure of torsion subgroups). Assume that k is algebraically closed. Let p := char(k)
and g := dim(A).

(i) If p does not divide n, then An] := ker([n] : A — A) ~ (Z/nZ.)*9.

(ii) If p > 0, then there exists f € [0 ; g] such that Alp™] ~ (Z/p™Z) for all m € IN.

Proof. (i) We already know that [n] is finite locally free and unramified of degree n?9

. By proposition
1.37, we get that |A[n]| = n29. Since we also have |A[m]| = m?29 for all divisor m of n, we conclude by
the following lemma.

(4%) is much more difficult. See [3, lemma 39.9.10]. The idea is to factor [p] locally by a homeomorphism

of degree p9. O

Lemma 2.25. Let (G,+) be a finite abelian group of order n™ (for n,r € IN*) such that for all divisor
m of n, the order of the m-torsion subgroup is |G[m]| = m". Then, G ~ (Z/nZ)".

Proof. By the structure theorem of finite abelian groups, there exists s € IN* and dy,--- ,ds € IN* such
that G ~[[;_, Z/d,Z and 2 < d;|- - -|d,s. Then, we immediately get that:

S

clar] = [[(2/diz)a) = [[ 2/drz
i=1

i=1

so that |G[di]| = df = df, so that s = r. Besides, |G| = [[i=1d; = n" and G = G[n], so d;|n for all
i € [1; r] and necessarily d; = --- = d,, = n. This completes the proof. O
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Chapter 3

The Z-module Hom(A, B)

Throughout this chapter, k will be assumed algebraically closed (unless otherwise stated) and we will

denote p := char(k).

3.1 The Tate module

Throughout this paragraph, ¢ will be a prime number. Let A be an abelian variety. Then, the family of
torsion subgroups (A[f"]),en+, together with the maps A[¢(™] — A[¢"] induced by the £™~" multiplica-
tion for all positive integers n < m form a projective system. Then, we can consider the Tate module of

A as the projective limit:
T,(A) = limA[(™)
pins

Ty (A) has a natural structure of Zy,-module. Indeed, we have the following descriptions:

Zy = {(/\TL)TLE]N € H Z/énZ ’ Ym >n > 1, >\n = )\m [en]}

nelN

Ym>n>1, z, = fm_"mm}

Ty(A) = {(azn)nem* e [] Al

nelN

And we can define the external law as follows:
VA = (An)nen € Zy, ©:= (Tpn)nen € Tp(A), A -z := (AnZn)nen+

This law is well defined because we have for all positive integers m > n, ™"\, 2, = Az, (since
An = A [€7] and z,, is of order £™).

Proposition 3.1. T;(A) is a free Zs-module. Let us denote g := dim(A). Then:

29 ifl#p

rankz, Te(A) :{ b=y

for a certain f € [0 ; g].

Proof. Tt is a direct consequence of 2.23: there exists € IN* such that for all n € IN*, A[{"] ~ (Z/("Z)"
and r = 2g if £ # char(k) and r € [0 ; g] otherwise.

We will recursively construct a basis for Ty(A). Let egl), . ,egr) € A[l] be a Z/{Z basis for A[(]. For
all, i € [0; r], we easily construct recursively e(") := (eg))nem* such that [E]egil = el because [€] is

surjective as any isogeny (by 2.21). (e™), .-, e(") is actually a Z-basis of Tj(A).
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To prove the linear independence of the e(?s, it suffices to prove that the eg ) are linearly independent
over Z/¢"Z for all n € IN*. We proceed by induction. For n = 1 this is trivial by hypothesis. Let n > 2
and suppose that the el | are linearly independent over Z /(" 'Z. Let \1,---,\. € Z/{"Z such that

n—1

Sich Aiel) = 0. Then, we multiply this equality by £ to obtain 0 = ST A [E]egf) =Y Xiel” | and

n—1

we get A; =0 [("71] so that \; = p; "~ for a certain p; € Z for all i € [1 ; r]. Then, we have:
0= Z)\ieg) = Zﬂi[fn_l]eg) = Zuiegi)
i=1 i=1 i=1

and we conclude that the p; are zero by linear independence of the egi)s, so that Ay = --- = A, = 0, which
completes the induction.
Let 2 € Ty(A). Then, for all n € IN*, (eg))nem* is a basis of A[¢"] so there exist A A e 7/

such that z, = Y7 ADel) Then, for all positive integers m > n, [z, = x4 sO:

T T T

S Al = 3Ol = 3 APl

i=1 i=1 i=1
So that A% = A [¢"] for all i € [1; n] by linear independence of the es. Then, we get that
AD = (AD) e € Zg for all i € [1; n] and that z = 57_, A®e( | which completes the proof. O

Taking the Tate module Ty is actually functorial. Indeed, if A and B are abelian varieties, and if
¢ € Hom(A, B), then ¢ induces a Z/¢"Z-linear map A[¢"] — B[¢"] for all n € IN* (as ¢ is a group

homomorphism) and we can define a Z,-linear map:

T/(QD) : TZ(A) — T/(B)

(Tn)news > (©(Tn))nen-

This defines a Z-linear map Hom(A4, B) — Homg, (T;(A), T;(B)). Mapping (A, ¢) € Z; x Hom(A4, B) to
A - Ty(p) defines a Z-bilinear map which induces a Z,-linear map:

pe : 2y @7, Hom(A, B) — Homg, (Ty(A), Ty(B))

by the universal property of the tensor product. The purpose of this chapter is to study this map. The

climax will be reached with theorem 3.11.

3.2 More results on morphisms and isogenies

3.2.1 Factorization

Lemma 3.2. Let a : A — B be an étale isogeny and f : A — C a morphism of abelian varieties.
Suppose that ker(a) C ker(B). Then, there exists a (unique) morphism of abelian avrieties v : B — C
such that f=~oa.

Proof. We only give a sketch for the proof of this very subtle result. For more details, the reader may
refer to [2, chapter I1.7]. If G is a finite subgroup (variety) of A, then G acts freely by translation on
A. Therefore, we can define the quotient A/G which is topologically and schematically what we expect
for a group quotient (see [2, theorem p.66]). In addition, A/G is an abelian variety, the projection
m: A— A/G is an étale isogeny and A/G satisfies the following universal property: every morphism of
abelian varieties A — A’ whose kernel contains G factors through 7.

Taking G := ker(«), it follows immediately that o and /3 factor through 7 : A — A/G. But « and

« are essentially the same. Indeed, if we write @« = h o w with a given morphism h : A/G — B, we
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get that h is bijective and étale so it is an isomorphism (as a consequence of Zariski’s main theorem [3,
lemma 37.39.1]). O

Lemma 3.3. Let A and B be abelian varieties. If there is an isogeny A — B, then there exists an
1sogeny B — A.

Proof. Let a: A — B be an isogeny. We can assume that « is étale because otherwise, we can factor
it by an étale isogeny (this is a difficult result proved in [12, corollary 5.8]). Since ker(a) is a finite
subgroup (scheme) of A, we have an inclusion ker(a) C Aln| for some n € IN* and 3.2 ensures that there
is a morphism 8 : B — A such that [n] = 8 o «. This morphism is surjective because [n] is an isogeny
(by proposition 2.21) and has finite kernel (because « is surjective and [n] has finite kernel) so it is an

isogeny. O

The preceding lemma ensures that the existence of isogenies between abelian varieties is a symmetric
relation. We say that two abelian varieties A and B are isogenous if there exists an isogeny between A
and B.

3.2.2 The degree map

Lemma 3.4. Let A and B be abelian varieties. Then Hom(A, B) is a torsion-free Z-module. As a
consequence, there is an embedding Hom(A, B) < Hom"(A, B) where Hom"(A, B) := R ®z Hom(A, B)
(R may be replaced by Q).

Proof. Let ¢ € Hom(A, B). Suppose that there exists n € IN* such that [n]ep = 0. Then, p(A4) C B[n].
But A is connected then so does p(A) (because ¢ is a continuous map). Furthermore, B[n] is a finite set
(by 2.23) compound of closed points (by 1.30) so ¢(A) must be a singleton, and then ¢ = 0.

Consider ¢ € Hom(A4, B) — 1 ® ¢ € Hom’(A, B). We prove that this map is injective. Indeed,
if ¢ # 0, then M := Zp is a free Z-module so we have a bilinear map (\,[n]o )R x M — An € R
factoring through the tensor product R ®z M C Hom"(A, B) and 1® ¢ is the image of (1, [1] o ) in the
tensor product whose image is 1 # 0, so that 1 ® ¢ # 0. O

Lemma 3.5. Set g := dim(A). Given o1, , ¢, € End(A), the map:

(1, ,n,) € Z" — deg <Zni@i> S/

i=1

is a numerical polynomial which is homogenous and of degree 2g (with the convention deg(p) = 0 if

@ € End(A) is not an isogeny).

Proof. By multiplicativity of the degree of field extensions, the degree map is also multiplicative and, we
have for all ¢ € End(A) and n € IN, deg([n] o ¢) = deg([n])deg(¢) = n?9deg(y) by proposition 2.21. If
the degree map is a polynomial, it is immediate that it is homogeneous of degree 2g.

First, we prove that given ¢, 1 € End(A), the map n — deg(np + 1) is a numerical polynomial. Let
L be an ample invertible sheaf on A (it does exist by theorem 2.20). Then, we have by lemma 1.63:

((ne +¢)"L7 - A) = deg(np + ) (L7 - A)

(where the exponent g means that terms are repeated g times). By 1.62.(ii), (£9 - A) > 0 because L is
ample, so it suffices to prove that the left term is polynomial of degree < 2g. Set L, := (np + ¢)*L.
Applying 2.19 with f; := np + ¥ and fo = f3 := ¢, we get that:

Lopo @ LT R L, @ (20) LY@ " LE% > Oy
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Let £ := (2¢)*L ® ¢*L£®~2. Then, we get easily by induction on n that for all n > 2:

n(n—1)

L, =L gL oLy
By lemma 1.62.(iii), we get that for all n € IN*:
g n(n—1)\? ’g 9(r9 9(r9
(L A)=(—5—) L7 A)+nI(L]- 4) + (n—1)*(Ly - 4)

It follows that n — deg(ny + 1) is a numerical polynomial.

We conclude by induction on r € IN*. For @1, , ¢, € End(A), we prove that f: (ny, - ,n,) —
deg (3i—1 nipi + 1) is polynomial. For r = 1, we already proved the result. Let r > 2 and assume the
result for r — 1. Then, by the case n = 1, we may write f as follows:

d
Vni, - ,n. €2, f(na,---,n,) = Zaj(nl, cme_)nd (%)
j=1
where ag, -+ ,a; are functions defined on Z"~!. Fixing n, in a finite set of d + 1 distinct values
o, -+ ¢ € Z, (%) becomes a Vandermonde linear system for the variables a;, so we obtain that the
a;(ni,--- ,ny_1) are linear combinations of the f(ni,--- ,¢;) (independent of the ¢;) so they are polyno-
mial by the induction hypothesis. This completes the proof. O]

Remark 3.6. One can extend the definition of the degree map to End’(A) = R ®z End(A) by homo-

geneity. It becomes a homogenous polynomial function of degree 2g.

3.3 Simple isogenies and Poincaré’s decomposition

Definition 3.7. An abelian variety A is simple if it is non trivial and the only abelian subvarieties of A
are {0} and A.

Lemma 3.8. Let A and B be simple abelian varieties and let ¢ : A — B be a morphism. Then ¢ is

either zero or an isogeny.

Proof. By lemma 2.6, ¢(A) is an abelian subvariety of B so it is either zero or the whole of B. It remains
to prove that ker(p) is finite i.e. that it is of dimension 0 by lemma 2.12. If not, ker(y) the irreducible
component of 04 in ker(p) is a proper non-trivial abelian subvariety of A (a justification of this fact is

needed and may be found in [13, theorem 1]), contradicting the simpleness of A. O

Theorem 3.9 (Poincaré’s decomposition). Let A be an abelian variety. Then, there exist simple abelian
subvarieties Ay,---, A, C A and an isogeny [[ieqy Ai — A mapping (a1, -+ ,a,) € [[i=1 Ai(k) to

Soitq ai. This decomposition is unique, meaning that the A; are determined up to isogney.

Proof. The proof uses dual abelian varieties, a notion we did not study in the course of this seminar so

we will admit the theorem. The reader may refer to [2, p. 173]. O

3.4 Towards Tate’s theorem

3.4.1 The main theorem

Lemma 3.10. Let A and B be abelian varieties over k and M a finitely generated subgroup of Hom(A, B).
Then the subgroup:
MY .= {p € Hom(A,B) |3In € N*, [nJopc M}

1s finitely generated.
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Proof. By Poincaré’s decomposition (theorem 3.9) and the symmetry of isogenous relation (remark 3.6),
there exists two isogenies ¢ : [[j_; Ai — A and ¢ : B — [[;—; B; where the A; and B; are simple

abelian varieties. The map:

« € Hom(A, B) — (w owao @}ii)lgigr € H Hom(A;, Bj)
155

<iSs =1 =1

is injective. Indeed, given oo € Hom(A, B), if we have ¥ o o %fi =0foralll1 <i<r1<j<s, then
by surjectivity of ¢, we get a(A) C ker(y)) so the image of « is connected and finite and we conclude
that o = 0 as in the proof of lemma 3.4. Hence we can assume that A and B are simple. If A and B are
not isogenous, we get that Hom(A, B) = {0} by lemma 3.8 and the result is trivial so we assume that A
and B are isogenous and get an injection Hom (A, B) — End(A) mapping o € Hom(A, B) to ¢ o o where
p: B — Ais an isogeny. Hence, we can assume A = B.

With the natural inclusions End(A) € End®(4) = R ®z End(A) (see lemma 3.5) and Q C R, we get
easily that M%7 = Q ®z M N End(A). As a consequence, M¥" C Q ®z M C R ®z M. Since M is
finitely generated, R ®yz M is a finite dimensional R-vector space. Moreover, lemma 3.5 and the following
remark ensure that the degree function ov € R ®z M +—— deg(a) € R is a polynomial function so it is
continuous, whence the subset U := {« € R ®z M | deg(a) < 1} is open. But A is simple so every
nonzero endomorphism of A is an isogeny, so is finite locally free by proposition 2.11 and its degree is
therefore a positive integer. Since deg maps End(A) to N, it follows that M’ N U = {0}. We have
proved that M%" is a discrete submodule of a finite dimensional R-vector space. Therefore M %" is a

Euclidean lattice, hence it is finitely generated. O

Theorem 3.11. Let A and B be abelian varieties defined over k. If £ is a prime number distinct from

p := char(k), then the map:
pe : Ly @z Hom(A, B) — Homg,(Ty(A), Ty(B))

defined at the end of section 3.1 is injective.

Proof. Let o € Zy ®7z Hom(A, B) such that py(a) = 0. Then, we may write o := Y i_; \; @ ¢; with
Ay A € Zyg and pq, -+, € Hom(A, B). Let M be the subgroup of Hom(A, B) generated by the
@;s. It is finitely generated so by lemma 3.10 M9V = {¢ € Hom(A, B) | 3n € N*, [n]Jo¢ € M} is
finitely generated. By lemma 3.4, Hom(A, B) is torsion free and M%" as well. Since M9 is finitely
generated, it is a free Z-module of finite type and it admits a Z-basis. Since M C M4 rewriting « if
necessary, we may assume that the ¢; are a Z-basis of M4,

Let n € N* and ¢, ,¢. € Z such that ¢; = X\; [¢"] for all i € [1; r]. If we look the equality
pe(e) = 0 modulo ¢", we get that Y ;_;[¢;] o p; vanishes on A[¢"]. Since [¢"] is an étale isogeny (by 2.23),
the lemma 3.2 implies the existence of a morphism ¢ : A — B such that >7;_;[c;]op; = o [f"] = [("]o.
But ¢ € M%" so there exists di,- - - ,d, € Z such that 1) = S ic1ldi] o ;. Since the ¢; are free over Z,
¢; = 0"d;, so that A; =0 [¢"] for all 7 € [1; r]. These congruences hold for all n € IN*. Therefore, the

A; are all zero so aw = 0. This completes the proof. O

Corollary 3.12. Let A and B be abelian varieties over k. Then Hom(A, B) is a free Zi-module of rank
< 4dim(A)dim(B).

Proof. Let ¢ be a prime number distinct fro p := cahr(k). By proposition 3.1, Ty(A) and Ty(B) are free Z;-
modules of rank 2dim(A4) and 2dim(B) respectively so Homg, (T¢(A), T¢(B)) is a free Z,-module of rank
4dim(A)dim(B). Since Hom(A, B) is torsion free, it follows by the preceding discussion and theorem
3.11 that Hom(A, B) is of finite type and we get that rankzHom(A, B) = rankyz,Z, ® Hom(A4, B) <
4dim(A)dim(B). O
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3.4.2 Further developments and applications

In this paragraph, k is not algebraically closed. If A and B are abelian varieties defined over k, we have
a natural embedding Hom(A, B) — Hom(Ay, By) (defined by extension of scalars). By theorem 3.11,
we still get an embedding Z, ®z Hom(A, B) — Homg, (T;(Az), T;(By)). It would be interesting to know
when this map is surjective. This way, we would be able to understand morphisms between abelian
varieties as Zy-linear maps between Tate modules, which are much simpler objects.

Actually, the map is not surjective because the image of Z; ®7z Hom(A, B) is invariant under the
action of the Galois group G := Gal(k/k). Let us explain how this action works. Given a k-scheme
X, and ¢ € G, we have a morphism of schemes Spec(c) : Spec(k) — Spec(k) and an automorphism
idx x Spec(o) : Xz := X xy, Spec(k) — X7 induced by 0. When X = A, the G-action commutes with
the multiplication map so it stabilizes A[¢"] for all n € IN*. Tt follows that G acts on Ty(Ag), Te(By)
and Hom(Ty(Az), Ty(By)). We denote Homg (T (Az), Ty (By)), the submodule of G-stable elements. It is
easy to see that Zy ®z Hom(A, B) maps to Homg(Ty(Az), Te(By)).

Theorem 3.13 (Tate 1966). We assume that k is a finite field. Then, the map
2y R, Hom(A, B) — Homg(Tg(AE), Tg(BE))

is bijective for all prime £ (including when £ = p).
Proof. See [4] for the original proof and [5] for the conference proceeding of Waterhouse and Milne. [

This theorem has a very interesting application: characterizing isogenous abelian varieties over finite
fields. Before going any further, we need to introduce some notions and notations. Let A be an abelian
variety defined over a finite field k := F, and A := A

q

1. We denote V;(A) := Q¢ ®z, Ti(A) for all prime 2.

2. We define the Frobenius endomorphism w4 : A — A given by id— topologically and for all open
subset U C A by s € I'(U,Of) — s? € I'(U,Ox). Since the Frobenius z € Fy — 27 €
T, stabilizes F,, the multiplication map commutes with the Frobenius 74 so it is actually an

endomorphism of abelian varieties.

3. Every endomorphism of End(A) can be seen as Z-linear endomorphism in Ty(A4) so we can associate

a characteristic polynomial to it. We will denote f4 the characteristic polynomial of 74.

4. We associate to A a Zeta function defined as the formal series:

i

+oo ™
Z(A,T) :=exp (Z |[A(F4n) )

n=1

Theorem 3.14 (Tate 1966). Let A and B be two abelian varieties defined over Fy. Then, the following

statements are equivalent:
(i) A and B are isogenous (over I, ).

(ii) There exists a prime £ such that Vy(A) and Vy(B) are G-isomorphic (there is an isomorphism com-

muting with the G-action).
(iii) fa =[5
(iv) Z(A,T)=Z(B,T).
(v) Foralln € N*, |A(Fgn)| = |B(Fgn)|.

Proof. See [4] or [5]. O
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